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place limits, ®nding the companion to be at least 2,000 K hotter than
the disk.
We detected the secondary at multiple epochs and the components show no apparent relative motion greater than 15 mas yr-1. As
it seems reasonable to assume that the two objects do form a bound
pair, assuming a total system mass of ,10M( results in an orbital
period of 49 yr, given a physical separation of 28.8 AU. The apparent
motion exhibited by such a system is comparable to our limit, and
so extra observations at future epochs should reveal the orbit of this
system. We hope such future observations, and the extension of
imaging to shorter wavelengths, will help to identify which component provides the ionizing ¯ux powering this young active
region.
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Entangled states are central to quantum information processing,
including quantum teleportation1, ef®cient quantum computation2 and quantum cryptography3. In general, these applications
work best with pure, maximally entangled quantum states. However, owing to dissipation and decoherence, practically available
states are likely to be non-maximally entangled, partially mixed
(that is, not pure), or both. To counter this problem, various
schemes of entanglement distillation, state puri®cation and
concentration have been proposed4±11. Here we demonstrate
experimentally the distillation of maximally entangled states
from non-maximally entangled inputs. Using partial polarizers,
we perform a ®ltering process to maximize the entanglement of
pure polarization-entangled photon pairs generated by spontaneous parametric down-conversion12,13. We have also applied our
methods to initial states that are partially mixed. After ®ltering,
the distilled states demonstrate certain non-local correlations, as
evidenced by their violation of a form of Bell's inequality14,15.
Because the initial states do not have this property, they can be
said to possess `hidden' non-locality6,16.
The basic idea of distillation is to extract from an ensemble of
pairs of non-maximally entangled qubits a smaller number of pairs
with a higher degree of entanglement. In the literature and the
scienti®c community this procedure has also been described as
`puri®cation' and `concentration'. We adopt the term `distillation',
following refs 7 and 9 and others, as most descriptive of the nature of
the process. Following ref. 11, we reserve `puri®cation' for processes
which increase purity, but not entanglement; and `concentration'
for processes which increase both.
Because the qubits may be separated in space, only local operations and classical communication (LOCC) are allowed. The simplest procedureÐBernstein's `procrustean method'4 Ðis as follows.
A two-qubit state of the form
p
jfe i  ej00i  j11i= 1  e2 ;
1

which is non-maximally entangled for e Þ 1, can be transformed
into the maximally entangled state jf i  j00i  j11i (unnormalized), simply by subjecting one of the qubits to a generalized
measurement17±19 that takes j0i ! j0i and j1i ! ej1i. This nonunitary ®ltering process equalizes the contribution of the two terms in
equation (1), thereby yielding perfect entanglement. Such a procedure is the necessary ®rst step in a distillation protocol known to
apply to all entangled two-qubit states7.
Our set-up to investigate procrustean distillation is shown in
Fig. 1. As described elsewhere13, using two adjacent nonlinear
crystals (b-barium borate, BBO), we can readily producep
photon

pairs in any state of the form jfe i  ej HH i  j VVi = 1e2 ,
where H and V represent horizontal and vertical polarization
(coding for qubits |0i and |1i), respectively. The basic principle of
the source is that an incident ultraviolet pump photon may be split
into two infrared photons either in the ®rst crystal (from the pump's
vertical polarization component), in which case the daughter
² Present addresses: University of Illinois, Urbana-Champaign, Department of Physics, 1110 West Green
Street, Urbana, Illinois 61801-3080, USA (P.G.K.); Escuela Superior de FõÂsica y MatemaÂticas, IPN, Mexico
D.F., 07738, Mexico (S.B.-L.).
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photons are both horizontally polarized; or in the second crystal
(from the pump's horizontal polarization component), in which
case they are vertically polarized. Owing to the coherent nature of
the process, and the fact that the output spatial modes of the
photons are nearly identical, the photons produced in this way
can exhibit almost perfect polarization-entanglement12. By simply
varying the pump polarization, we can arbitrarily set e.
The photons are detected in coincidence using silicon avalanche
photodiodes, thereby projecting out the large vacuum state from the
possibility of the pump photon not downconverting, and selecting
the two-photon contribution to the total quantum mechanical
state. (In our experiment the residual contribution from higherorder processes, that is, with simultaneous multiple pairs, is less
than 0.1%.) We thus restrict our discussion to this two-photon
subspace. The polarization of each photon may be analysed in an
arbitrary basis, by means of a quarter wave plate (QWP), half wave
plate (HWP), and polarizing beam splitter (PBS) in each arm. By
making 16 measurements of the polarization correlations in various
bases (for example, HH, HV, 458 V, and so on), which are essentially
the two-photon analogues of the classical Stoke's parameters20, we
may derive the density matrix describing the polarization state of
the pairs produced13. Figure 2a (left) shows typical data, corresponding to the state 0:41jHHi  0:91jVVi, for which e  0:45.
The procrustean ®ltering can be realized experimentally by
inserting into one path a series of coated glass slabs, tilted about
the vertical axis by 588 (approximately Brewster's angle for these
slabs). Owing to the well known polarization-dependent
re¯ectivity20, the transmitted photons are preferentially horizontally
polarized. Speci®cally, with four slabs, the transmission probability
for horizontal polarization was T H  0:89, while for vertical polarization it was only T V  0:18. The state rout after ®ltering is shown
in Fig. 2a (right). Its ®delity with the maximally entangled
state jf i  jHHi  jVVi=Î2 (de®ned as Trhf jrout jf i) is
0:99 6 0:04, indicating a successful distillation. We performed
similar distillation for several values of e, changing our partial
polarizers accordingly; in every case the ®delity of the resulting
density matrix with the desired maximally-entangled state |f+i was
close to 1.
The ef®ciency of the procrustean methodÐthe probability that a
given input pair survives the ®ltering processÐis directly linked to

the value of e, that is, to the required amount of distillation. In an
ideal system we would have T H  1, T V  e2 , so that the yield of
output maximally entangled pairs is 2e2 = 1  e2 . In our experiment,
the values of TH were slightly less than one, because of some
absorption in the InSnO coating on our glass slabs. Our measured
ef®ciencies are plotted in Fig. 2b, along with the ideal theoretical
prediction, and the expectation based on our actual measured
values of TH and TV. Remarkably, this simplest method of distillation always has a higher yield/input pair than more complicated
(and presently physically unrealizable) schemes relying on jointly
processing n pairs, as long as n < 5 (ref. 4): for the particular nonmaximally entangled states we studied (e  0:45, 0.68, 0.77 and
0.90) our observed yields are superior unless n > 5, 10, 9 and 28,
respectively.
Before coming to the more general case, let us emphasize the
difference between the distillation ®ltering process and the postselection done by the detectors. The former necessarily depends on
the photon polarization to select out a particular subensemble of
pairs of photons from the initial total ensemble of pairs; this ®ltering
affects the state, that is, it changes the relative weightings within the
two-photon density matrix. In contrast, the detectors merely reveal
the two-photon component of the state, by selecting pairs out of an
initial superposition of photons and no-photons (that is, the
vacuum); this post-selection is made independently of all analysis
settings, as the detector ef®ciencies do not depend on polarization.
If this were not so, we could observe apparently non-local effects
from completely classical ensembles6,16.
Next consider the situation of an initial state that is partially
mixed, in addition to being non-maximally entangled:
1 2 l
jHVihHVj  jVHihVHj
2
2
The ®rst term corresponds to a pure, non-maximally entangled
component, the second to a mixed component. One feature of
re;l  ljfe ihfe j 
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Figure 1 Experimental set-up used to investigate entanglement distillation and hidden
non-locality. Spontaneous down-conversion in two adjacent b-barium borate (BBO)
crystals results in polarization-entangled photons. The initial degree of entanglement e is
determined by the linear polarization angle v of the pump beam (at 351 nm, from an argon
ion laser): e  tanv. In the experiment requiring partial mixture as well, each photon is
passed through an adjustable half wave plate (HWP) and a 1-cm-thick quartz element, to
introduce decoherence in a particular basis. The ®nal quarter wave plate (QWP) and half
wave plate in each arm, along with polarizing beamsplitters (PBS), enable analysis of the
polarization correlations in any basis, allowing tomographic reconstruction of the density
matrix, and measurement of Bell's inequalities. The distillation ®lters comprise glass
substrates, tilted near Brewster's angle, and symmetrically arranged in pairs to
compensate for transverse displacements. The result is an adjustable ratio of the
transmissions for vertical and horizontal polarization. In the experimental to concentrate
entanglement from a non-maximally entangled state, ®ltering was performed in one arm
only. In the experiment on hidden non-locality, identical ®lters were placed in each arm, as
shown.
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Figure 2 Experimental results showing entanglement distillation of non-maximally
entangled states. a, Left is the measured two-photon polarization density matrix for the
initial, un®ltered state: 0:41jHHi  0:91jVVi; right is the resulting maximally-entangled
state after an appropriate generalized ®ltering measurement has been performed. (Only
the real parts are shown; the imaginary components, which theoretically are strictly zero,
were typically less than 1%.) b, The fractional `survival' probability is plotted as a function
of the initial degree of entanglement e. The solid curve is the theoretical prediction under
the optimal condition where TH of the ®lter is 1. Our data points (solid circles) are well
predicted by a theory (open triangles) using our actual measured values of TH (typically
,0.92) and TV.
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Table 1 Summary of distillation data for testing Bell's inequalities
Trial

enon

Scalc
non

lnon

Sexp
non

e®ltered

l®ltered

Scalc
®ltered

Sexp
®ltered

...................................................................................................................................................................................................................................................................................................................................................................

1

0.46

0.78

1.63 6 0.04

1.60 6 0.02

1.02

0.73

2.02 6 0.04

2.02 6 0.03

2

0.47

0.83

1.81 6 0.04

1.82 6 0.02

1.01

0.79

2.20 6 0.04

2.22 6 0.03

3

0.47

0.87

1.96 6 0.04

1.94 6 0.02

0.99

0.83

2.31 6 0.04

2.34 6 0.02

...................................................................................................................................................................................................................................................................................................................................................................
The table shows the measured e and l parameters of the non-®ltered and ®ltered states, and the calculated and experimentally measured S values. The errors in the latter are calculated from Poisson
statistics. The calculated predictions for S were obtained by averaging S over an ensemble of density matrices slightly deviated from the ideal state corresponding to e and l.

entangled quantum systems is that some of the correlations they
predict cannot be explained by an local realistic model. This
statement is made more quantitative by Bell's inequalities (BI)14.
Here we shall always restrict our discussion to the Clauser±Horne±
Shimony±Holt (CHSH) version15 (and its equivalents), though in
general there may exist more revealing tests of non-locality, for
example, ones which rely on sequences of measurements on each
particle16. The CHSH inequality places constraints on the value of S,
a combination of four polarization correlation probabilitiesÐtwo
possible analysis settings for each photon. If jSj < 2, no quantum
mechanical entanglement is necessary to explain the correlations,
that is, some local model can reproduce them. For a maximallyentangled state the maximum value of S  2Î2. The optimal
analysis settings for a particular state r may be determined, for
example by using the analytical method of ref. 21. Depending on the
values of e and l, re,l may be unable to violate any CHSH
inequality6, for instance, if the state is too mixed (l < 1=Î2).
Figure 3 indicates the ranges over which no CHSH BI can be
violated.
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Figure 3 Contour plots in the e±l plane, showing the curves for S  2, for states of the
form (2). The dashed curve corresponds to the un®ltered state; below this line one cannot
violate a Bell's inequality of the CHSH-type. The solid curve shows the S  2 threshold for
states after an optimal distillation of the ®ltering sort described hereÐno CHSH violation
is ever possible in the lower, diagonally-hatched region below this curve. The verticallyhatched overlap region indicates states possessing `hidden' non-localityÐa local ®ltering
operation enables one to violate a suitable Bell's inequality. Finally, the solid region at the
bottom shows states which are completely separable, that is, no entanglement can ever
by recovered by only local operations and classical communication. The diamonds
indicate the initial values for our three experimental trials (see Table 1); the circles are the
post-distillation values.
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We note that the relative contribution of the entangled term has
been reduced by a factor of 2e= 1  e2 Ðthe ®ltered state (3) is more
mixed than the original re,l. Nevertheless, because the remaining
pure component is now maximally entangled, the state may violate
a suitable BI (Fig. 3).
The method to experimentally produce generalized states as in
state (2) is discussed elsewhere22,23. By sending each photon through
a thick birefringent element (,1 cm quartz), we introduce a
frequency-dependent phase offset between two polarization components. As this offset is greater than the coherence length of the
photons (,100 mm, in our case determined by the 5-nm (full width
at half maximum) interference ®lter in front of the detector), the
resulting polarization quantum state of the pair can be mixed. The
birefringent element acts to entangle the polarization and frequency
degrees of freedom; when we trace over the frequency (since the
detectors are insensitive to wavelength over the collection bandwidth), the reduced density matrix for polarization becomes
mixed23. By appropriately adjusting the pump polarization (with
HWPUV) and the decoherence basis (with half wave plates before the
quartz), we can prepare states of the form re,l.
We investigated distillation on several different starting states (see
Table 1). From a tomographically measured density matrix of each
initial, un®ltered state, we analytically and numerically determine
QWP and HWP analysis settings predicting the maximum S value.
We then measure S directly using these (16) settings, and the
normalization procedure introduced in ref. 24. The ®rst trial
corresponds to a state which clearly does not violate any CHSH
inequality, but is just at the limit when ®ltered. In the second trial
there is a de®nite transition between no initial violation and
violation after ®ltering (Figs 4a and b show the density matrices
before and after ®ltering, respectively). The ®nal trial starts with a
state which is near the threshold of violation, and ends with a strong
violation (17j). To our knowledge, this is the ®rst time Bell's
inequalities have been tested using mixed states.
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Figure 4 Density matrices for states displaying `hidden' non-locality. The initial state (left)
is 0:83r0:43HH0:90VV  0:09 rHV  rVH . After symmetric ®ltering, the state is transformed
(right) into one which is 0:79r0:71HH0:71VV  0:11 rHV  rVH . We note that the purity,
1016

The process of distillation can alter this, however. The ®ltering
method is similar to that described above, except that now we make
a generalized measurement in each arm. Speci®cally, if each partial
polarizer has T H  1 and T V  e, the state (2) becomes (up to a
normalization factor):

VH

VV

VV

2

de®ned as Tr[r ], is actually reduced from 0.69 to 0.64 by the distillation process, that is,
the ®nal state is more mixed than the initial.
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Whereas our distillation procedure employs only local operations
(®ltering) and classical communication (coincidence counting),
our non-locality demonstrations clearly rely on `conditional
probabilities'16,25 Ðwe include only events in which both photons
are transmitted by their respective partial polarizers. Nevertheless,
we emphasize that these ®lters are before the analysers, and are thus
independent of the polarization measurements. The ®ltering process is used to select a particular subensemble of the original states.
The entanglement for members of this subensemble (corresponding
to coincident detections) is higher than the average for the entire
ensemble (which includes photons re¯ected at the partial polarizersÐthese possess no entanglement whatsoever), and therefore
they are able to demonstrate non-local effects, such as violations of
Bell's inequalities. This is completely consistent with the fact that
LOCC cannot be used to increase the average entanglement of an
ensemble4. For instance, for our second trial, the initial degree of
entanglement (of formation)26 before ®ltering is E  0:32; after
®ltering the transmitted photons have E  0:44, but the re¯ected
photons have E  0.
M
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The motion of ¯uid particles as they are pushed along erratic
trajectories by ¯uctuating pressure gradients is fundamental to
transport and mixing in turbulence. It is essential in cloud
formation and atmospheric transport1,2, processes in stirred
chemical reactors and combustion systems3, and in the industrial
production of nanoparticles4. The concept of particle trajectories
has been used successfully to describe mixing and transport in
turbulence3,5, but issues of fundamental importance remain unresolved. One such issue is the Heisenberg±Yaglom prediction of
¯uid particle accelerations6,7, based on the 1941 scaling theory of
Kolmogorov8,9. Here we report acceleration measurements using a
detector adapted from high-energy physics to track particles in a
laboratory water ¯ow at Reynolds numbers up to 63,000. We ®nd
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Figure 1 Measured particle trajectory. The three-dimensional time-resolved trajectory of
a 46-mm-diameter particle in a turbulent water ¯ow at Reynolds number 63,000
(R l  970). A sphere marks the measured position of the particle in each of 300 frames
taken every 0.014 ms (<th/20). The shading indicates the acceleration magnitude, with
the maximum value of 12,000 m s-2 corresponding to approximately 30 standard
deviations. The turbulence is generated between coaxial counter-rotating disks24,25 in a
closed-¯ow chamber of volume 0.1 m3 with rotation rates ranging from 0.15 Hz to 7.0 Hz,
giving r.m.s. velocity ¯uctuation uÄ in the range 0:018 m s 2 1 , uÄ , 0:87 m s 2 1 .
Measurements are made in an 8-mm3 volume at the centre of the apparatus where the
mean velocity is zero and the ¯ow is nearly homogeneous but not isotropic. As a result of a
mean stretching of the ¯ow along the propeller axis the r.m.s. ¯uctuations are one-third
larger for the transverse velocity components than for the axial component. The energy
dissipation was determined from measurements of the transverse second-order structure
function DNN and the Kolmogorov relation D NN  43 C 1 er 2=3 with C 1  2:13 (ref. 26),
e the turbulent energy dissipation, and r the particle separation. The dissipation was
found to be related to the r.m.s. velocity ¯uctuation by e  uÄ 3 =L with an energy injection
scale L  71 6 7 mm. Using the de®nition of the Taylor microscale Reynolds number
1=2
Ä
R l  15uL=n
, the range of Reynolds numbers accessible is 140 < R l < 970 (in
terms of the classical Reynolds number 1;300 < Re < 63;000). At the highest Reynolds
number the system is characterized by Kolmogorov distance and timescales of
h  18 mm and th  0:3 ms, respectively.
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