PROCEEDINGS OF SPIE
SPIEDigitalLibrary.org/conference-proceedings-of-spie

Benchmarking and procrustean noise
reduction of entangled mixed states

Peters, Nicholas, Wei, Tzu-Cheih, Kwiat, Paul

Nicholas A. Peters, Tzu-Cheih Wei, Paul G. Kwiat, "Benchmarking and
procrustean noise reduction of entangled mixed states," Proc. SPIE 5468,
Fluctuations and Noise in Photonics and Quantum Optics II, (25 May 2004);
doi: 10.1117/12.546857
Event: Second International Symposium on Fluctuations and Noise, 2004,
Maspalomas, Gran Canaria Island, Spain
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 19 May 2020 Terms of Use: https://www.spiedigitallibrary.org/terms-of-use

Benchmarking and Procrustean noise reduction of
entangled mixed states
Nicholas A. Peters, Tzu-Chieh Wei, and Paul G. Kwiat
Physics Department, University of Illinois, 1110 West Green Street, Urbana, IL 61801,
U.S.A.

ABSTRACT
Understanding quantum noise is essential for accurately creating desired quantum states and for examining a
given state’s evolution in any protocol. Using spontaneous parametric downconversion, we can create a wide
variety of single- and two-qubit polarization states, including nearly perfect Bell states, mixed states (i.e.,
“noisy” states) and maximally entangled mixed states (MEMS). To characterize these states we use several
diﬀerent measures, including ﬁdelity, “tangle” and linear entropy. In the course of our experiments, we have
discovered and numerically investigated an extreme imbalance in the sensitivity of these diﬀerent two-qubit
state measures. We have also experimentally realized a “Procrustean” ﬁltering technique to remove noise
from MEMS. For moderate amounts of ﬁltering, the experimental procedure works as desired to increase
the tangle and decrease the linear entropy. However, for large amounts of ﬁltering, the process becomes
dominated by perturbations in the starting density matrix. The ﬁnal outcome is a pure (i.e., zero entropy)
product state (i.e., zero entanglement).
Keywords: SPDC, MEMS, entanglement, Procrustean ﬁltering

1. INTRODUCTION
Many protocols, including provably secure cryptography,1, 2 teleportation,3 and super-dense coding,4 have
been proposed to exploit various properties of quantum mechanics to “process” information. These protocols
and most others in quantum information processing require a ﬁducial initial quantum state. In the case
of one- and two-qubit protocols, optimal results are generally obtained with pure states, while oftentimes
two-qubit protocols additionally require high quality entanglement. However, decoherence and dissipation
may cause the states to become mixed and/or less entangled. The success of such protocols often hinges on
both the purity and the entanglement as, for example, in teleportation.5 Using photonic qubits encoded in
polarization, we can create a variety of one- and two-qubit states, allowing the exploration of mixed states in
two Hilbert-space dimensions. In both cases, we examine the inﬂuence of noise modeled with a depolarizing
channel, i.e., adding a completely mixed state incoherently to the states we study. Using the ﬁdelity,6 we
set quantitative bounds on the induced depolarization and compare the sensitivity of diﬀerent states and
diﬀerent measures to changes in the noise.

2. MEASURES
We measure the overall noise with the linear entropy5 (SL ), and for two-qubit states we also quantify
entanglement using the tangle7, 8 (T ). We choose the linear entropy because it is based on the purity, i.e.,
∝ T r(ρ)2 , and the tangle because it is based on the concurrence, which has a simple form for the class of
states we consider. The linear entropy is given by
SL (ρ) = Ni [1 − T r(ρ2 )],

(1)
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where Ni is a normalization factor which is N1 = 2 for one-qubit states and N2 = 43 for two-qubit states.
The linear entropy ranges from zero for pure states to one for the maximally mixed state, i.e., a normalized
identity. The tangle is given by
T (ρ) = C 2 ,
(2)
where C = max{0, λ1 − λ2 − λ3 − λ4 } is the concurrence and λi are thesquare roots
 of the eigenvalues of
0 −i
∗
. The tangle is zero for
ρ(σ2 ⊗ σ2 )ρ (σ2 ⊗ σ2 ), in non-increasing order by magnitude, with σ2 =
i 0
product states and one for maximally entangled states, e.g., Bell states.
For direct comparison of two diﬀerent states, e.g., a measured state |ψm  and a target state |ψt , we
use the ﬁdelity, a measure of the state overlap |ψm |ψt |2 . For more general mixed states ρm and ρt , the
ﬁdelity6 is given by
 
2


√
√
ρt ρm ρt  .
(3)
F (ρt , ρm ) ≡ Tr
In either case, the ﬁdelity is zero for orthogonal states and one for identical states.

3. ONE QUBIT
We start our exploration of noise eﬀects with the simple two-level quantum system–a qubit. In this
manuscript, we will represent our qubits as photon polarization states in the horizontal-vertical bases:




1
0
and |1 ≡ |V  ≡
,
(4)
|0 ≡ |H ≡
0
1
or in density matrix notation,

ρH =

1 0
0 0




and ρV =

0 0
0 1


.

(5)

However, all of our ﬁndings are directly applicable to any two-level system, and thus have relevance for all
physical qubit realizations.
The density matrix of an arbitrary single qubit can be represented by three independent real parameters
(A, B, and δ):



A
Beiδ
ρ=
,
(6)
Be−iδ 1 − A

where 0 ≤ A ≤ 1 from normalization, and |B| ≤ A(1 − A) from positive semi-deﬁniteness. We are able
to create arbitrary states9 of equation (6) using the minimum number of varying elements (three), two
half-waveplates (HWP) and a quarter-waveplate (QWP) as shown in ﬁgure 1 (a). Shown in part (b) is a
typical created state along with its target and the ﬁdelity between the target state and the measured state.
To understand the inﬂuence of noise on a single-qubit state, we consider the pure state |θ = cos 2θ|H +
sin 2θ|V  when acted on by a depolarizing channel:
ρd,1 (λ, θ) = (1 − λ)|θθ| +

λ
I1 ,
2

(7)

where I1 is the two-by-two identity and λ is the strength of the depolarization (added noise). This mixed
state is the “benchmark” state, and we examine the eﬀect of small changes in λ. From (1), the qubit’s linear
entropy is
SL (ρd,1 (λ, θ)) = 2λ − λ2 ,
(8)
depending only on the strength of depolarization because the state |θ is pure. As the parameter θ does not
aﬀect the linear entropy, without loss of generality we set θ=0. To bound the variation in the depolarized
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Figure 1. Single-qubit downconversion experiment and data. (a) Single qubit experiment. Single-photon states
are conditionally prepared10 in the lower arm by detecting a trigger photon in the upper arm with an avalanche
photodiode (APD). The single-photon qubit and its trigger are a two-photon pair produced with a nonlinear BBO
crystal. The polarizing beam splitter (PBS) prepares a pure initial state |H, which is transformed by the waveplates
and decoherer (∼1 cm quartz birefringent element) into an arbitrary polarization state. The tomography system uses
a quarter-waveplate (QWP), HWP, and a PBS to analyze in arbitrary polarization bases, allowing accurate state
measurement. (b) Single qubit data. Shown is a typical target density matrix and the corresponding experimental
measurement. Also shown are the numeric target and the target-measured ﬁdelity (F). Not shown are the imaginary
elements of the density matrix as they are zero for this target and less than 2% for the measured state.

state behavior, we calculate the ﬁdelity between the initial “target state” ρd,1 (λ, 0) and a slightly perturbed
state ρd,1 (λ + δλ, 0):
F (ρd,1 (λ, 0), ρd,1 (λ + δλ, 0) =


1 
( (λ − 2)(λ + δλ − 2) + λ(λ + δλ))2 .
4

We then solve for the variation δλ that produces a given level of ﬁdelity:

δλ± (λ, F) = 2(1 − F − λ + Fλ ± F(1 − F)(2λ − λ2 )).

(9)

(10)

In this way we generate a series of states that have a speciﬁed ﬁdelity with the target state, and then ask
how the linear entropy (SL ) changes. For example, SL (λ), SL (λ + δλ+ ) and SL (λ + δλ− ) are plotted in
ﬁgure 2 for a ﬁdelity of 0.99 (typically considered “high ﬁdelity”) as a function of λ. Note that for both a
completely pure state (λ=0) and a completely mixed state (λ=1), δλ+ and δλ− have the same magnitude;
thus the linear entropy increases by 0.0396 for the pure state, and decreases by the same amount for the
mixed state). In other words, the pure state depolarizes while the mixed state repolarizes to reach a 0.99
ﬁdelity. When the target is a pure state, a ∼4% linear entropy increase can occur and still have 0.99 ﬁdelity
with the initial pure state. Things are much worse for partially mixed states. For example, the linear
entropy is 0.75 for λ = 0.5, but the 0.99 ﬁdelity states have linear entropies of 0.90 (depolarized dashed line
of ﬁgure 2) and 0.56 (repolarized dotted line).
Thus we see that the sensitivity of SL to perturbations in the input state depends critically on the
entropy of the starting state itself. When we perturb an initial state with parameter λ by δλ+ and δλ− , we
see how much the linear entropy can change while maintaining a constant ﬁdelity between the initial and
perturbed states. While this bound creates a curve for a continuum of states based on the parameter λ, we
shall see in section 4 when we consider the tangle and linear entropy for two-qubit states, that we can map
the behavior with more ﬂexibility than that of the two points provided by δλ+ and δλ− .
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Figure 2. The linear entropy of a depolarized single qubit state |H as a function of an applied depolarizing channel
(λ) (see (7)). The solid line is the linear entropy for the state ρd,1 (λ, 0) while the dashed and dotted lines are curves
for states that have 0.99 ﬁdelity with ρd,1 (λ). The dashed and dotted lines are for the states ρd,1 (λ + δλ+ ) and
ρd,1 (λ + δλ− ) respectively. Diamonds at λ=0 and λ=1 show where the dashed and dotted lines touch (see text).
When the dashed and dotted lines are above the solid line, they exhibit depolarizing behavior; when they are below
the solid line, they exhibit repolarizing behavior.

4. TWO QUBITS
In this section, we will consider two-qubit states, the minimal system that displays entanglement. There
are several classes of two-qubit entangled states; maximally and nonmaximally entangled pure states,11–13
nonmaximally entangled mixed states,14 and the special case of Werner states15 (an incoherent combination
of a mixed state and a pure maximally entangled state), all of which have been experimentally realized with
polarization qubits. While for some time it was thought that Werner states were maximally entangled for
a given mixture, Munro et al. discovered a class of states more entangled than Werner states of the same
linear entropy,16 the maximally entangled mixed states (MEMS). MEMS possess the maximum tangle for
a given amount of linear entropy∗ . They exist in two subclasses, ρM EM SI and ρM EM SII , possessing two
and three eigenvalues, respectively:

ρM EM S

I

=

r
2

0

0
r
2

0
1−r
0
0

0
0
0
0

r
2



0
,
0

2
≤ r ≤ 1, and
3

(11)

r
2

∗

For certain mixedness-entanglement parameterizations, however, the Werner states are the states which possess
the maximal amount of entanglement for a given degree of mixedness, i.e., the Werner states are the MEMS.17
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Figure 3. MEMS creation experiment. A half-waveplate (HWP1 ) sets the pure state’s initial entanglement. Then
the relative phase between |HH and |V V  is set to zero using a φ-plate (a QWP tipped about its vertical optic
axis). The state is rotated into the active bases of the decoherers with HWP2 and HWP3 , thereby adjusting the state
entropy. The tomography system is simply two copies of the one-qubit analysis system, using a QWP, HWP, and
a polarizer in each arm to analyze in arbitrary polarization bases. Transmitted photons are counted in coincidence
via avalanche photodiodes.
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=

0

0
r
2

0
1
3

0
0

0
0
0
0

r
2



0
,
0
1
3

0≤r≤

2
,
3

(12)

where it can be shown that the parameter r is √
the concurrence of the state. Note that r = 1 gives the
maximally entangled Bell state (|HH + |V V )/ 2.

4.1. State Creation
We have recently created MEMS states,18, 19 accessing the last unexplored region of linear entropy-tangle
state space. MEMS creation involves three steps: creating the initial pure entangled state, applying local
unitary transformations, and decohering. Spontaneous parametric downconversion is used to create frequency degenerate 702-nm photons, generated by pumping thin BBO crystals with an Ar-ion laser at 351
nm. Polarization entanglement results from pumping two such crystals oriented with their optic axes in
perpendicular planes. The pump polarization is set with HWP1 = θ1 , as in ﬁgure 3. This creates a state of
variable entanglement,
|Ψ(θ) ≡ cos 2θ1 |HH + sin 2θ1 |V V ,
(13)
where |HH (|V V ) represents two horizontally (vertically) polarized photons.12, 13
The initial entanglement is set to that of the MEMS I target state (the creation of MEMS II proceeds
slightly diﬀerently and is discussed below). After the initial entanglement is set, a maximum likelihood
tomography13, 20 of it is taken and used to numerically ﬁnd the settings of HWP2 and HWP3 (see ﬁgure 3)
that give the desired predecohered state. These waveplates set the diagonal elements of the predecohered
state to those of the target MEMS I. The MEMS is sensitive to not only the waveplate settings, but also to
their birefringent retardations, which are measured and used in the aforementioned numerical calculation.
After the waveplates, the state photons pass through birefringent decoherers, which reduce speciﬁc oﬀdiagonal elements of the density matrix, i.e., they decohere in a speciﬁc basis yielding the MEMS I state† .
Each decoherer is a ∼1-cm thick piece of quartz with a horizontally oriented optic axis. The thickness
is chosen so that the polarization-dependent optical path length diﬀerence (∼ 140λ) is larger than the
downconversion coherence length (Lc ≡ λ2 /∆λ ∼
= 70λ), determined by a 10-nm FWHM interference ﬁlter
†

As recently demonstrated,21, 22 one could instead uses the spatial degree of freedom to decohere, but then the
states would not be suitable for some purposes such as those requiring ﬁber optics or interference methods.
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placed before each detector. Because the optical path length diﬀerence of the decoherers is not exactly 140λ,
an additional phase on the MEMS oﬀ-diagonal elements is introduced. We correct for the additional phase
by slightly tipping one of the decoherers.
The decoherers couple the polarization with the relative arrival times of the photons.9, 23 While detection
of two horizontal (|HH) or vertical (|V V ) photons will be simultaneous, photons in the state |HV  would
in principle be detected ﬁrst in arm # 1 and second in arm # 2 (assuming the decoherer slows vertically
polarized photons relative to horizontally polarized photons). Detection would occur in the opposite order
for the state |V H.
After the decoherers, the state is analyzed with a tomography system (see ﬁgure 3). A quarter-waveplate
(QWP), HWP, and polarizing beam splitter (PBS) in each arm allow analysis by projecting into arbitrary
polarization states. The tomography system projects the two-photon state into 16 diﬀerent polarization
states, e.g, HH|, HV |, etc. The results are then processed by a maximum likelihood tomography20
technique to determine the state most likely to have produced the observed data.
MEMS II are created by ﬁrst creating the MEMS I state with r = 2/3, the border state between the
two subclasses. To travel along the MEMS II curve, the optical path length diﬀerence on one arm must
be varied from 140λ. When one decoherer is changed, diﬀerent relative timings are coupled to |HH and
|V V , inducing decoherence between them. For example, to make the MEMS II state shown in ﬁgure 4 (a),
a 140λ decoherer was used in one arm while a 90λ decoherer was used in the other.
Typical MEMS data is shown in ﬁgure 4. Target states are shown as stars while experimental states are
boxes with error bars. Note that in all cases except for the Bell state (ρM EM SI (r = 1)), the experimental
states do not overlap their targets although the measured density matrices have high ﬁdelity (typically
∼ 99%). To understand this discrepancy, we generated numeric perturbations of the target states by ﬁrst
calculating expected ideal measurements. Perturbed values for these measurements are then generated
as random numbers from Poisson distributions, using the expected ideal counts as the distribution mean.
These Poisson perturbed values are then entered into the maximum likelihood program to give physically
valid density matrices. The ﬁdelity of the noisy matrices and the target states is calculated and if it is at
least 0.99, the tangle and linear entropy is plotted about the target state. For each target state, 5000 such
points were generated and are shown as dark shaded regions in ﬁgure 4 (a). Note that the perturbed states
for the Bell state lie on the Werner state line. This reinforces the idea that random perturbations of state
measurements (as is encountered in photon counting) may be modeled through a depolarizing channel.
To examine the change a depolarizing channel has on two-qubit states, we deﬁne the following:
λ
I2 , and
4
λ
ρ2 (λ, r) ≡ (1 − λ)ρM EM SI (r) + I2 ,
4

ρ1 (λ, θ) ≡ (1 − λ)|Ψ(θ)Ψ(θ)| +

(14)
(15)

where |Ψ(θ) is the (partially-) entangled state from (13). Here λ is the depolarizing parameter, as it was for
one-qubit, and I2 is the four-by-four identity matrix. We use (14) to explore the linear entropy-tangle plane
along the Werner curve, and (15) to explore above it. The combination of the two styles of perturbation
allows us to cordon oﬀ an entropy-tangle curve
wherein lie states of a certain ﬁdelity with the Bell state
√
(ρ1 (0, 22.5◦) = ρ2 (0, 1) = (|HH + |V V )/ 2). This analysis proceeds in the same way as it did for one
qubit, but now including perturbations for both parameters, so that the tangle and entropy of the perturbed
state change while the ﬁdelity with the Bell state remains constant. Thus this type of perturbation is not
entirely due to the depolarizing channel. We are not suggesting that this is the optimal scheme for modeling
perturbations, but it is helpful for visualizing how the ﬁdelity, linear entropy and tangle relate to each other
for a speciﬁc class of states. One advantage to the parameterization of ρ1 is that small changes of λ and
θ independently aﬀect the noise and entanglement respectively. However, because the equations are more
complicated for the two-qubit case, we solved them numerically. The results for the Bell state are shown in
ﬁgure 5. Depending on the underlying assumptions, fault-tolerant computing nominally requires less than
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Figure 4. MEMS Data. (a) MEMS data on the Linear Entropy-Tangle plane (modiﬁed from Ref. 19). Theoretical
curves are shown for MEMS I (solid line), MEMS II (dashed line) and Werner states (dotted line). The lightly shaded
region beyond the MEMS theory curves is unphysical. Target states are shown with stars and the corresponding
experimentally measured states shown as squares with error bars. Note that we are able to attain nearly perfect
Bell states in the upper left corner of the plot. The shaded patches around each target state show the tangle and
linear entropy for 5000 numerically generated states with a ﬁdelity of at least 0.99 with the corresponding target.
The perturbed Bell states closely resemble the behavior of depolarized Bell states because they lie on the Werner
state theory curve. We attribute this behavior to the symmetry of the Bell state, namely that when perturbed with
uniform (i.e., randomly distributed) noise, it is unlikely to reach the asymmetric form of the MEMS. (b) Density
matrix plot for the real components of a MEMS I (r=0.8162, A) and the experimentally realized state (B) shown
in (a). The imaginary components of the target state are negligible and are not shown because on average they
are less than 0.005. The states in (b) agree well, with Fidelity 0.981 ± 0.003; the uncertainty is determined from a
MonteCarlo simulation accounting for statistical ﬂuctuations.
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Figure 5. Constant ﬁdelity curves for a maximally entangled state (|HH + |V V )/ 2. The (essentially horizontal)
constant ﬁdelity curves below the Werner state curve are swept out by comparing the starting state with states of
the form ρ1 (λ, θ), (14), while the (nearly vertical) curves above are generated by varying the parameters of ρ2 (λ, r)
(15).

∼ 10−4 errors per gate.24, 25 To attain this level, a Bell state with noise modeled as in (14) must have
tangle greater than 0.9996 and linear entropy less than 0.00027. To the best of our knowledge, this level is
still beyond current technology.
While the Bell state is optimal as an entanglement resource, it is just one corner of the entropy-tangle
plane. To investigate behavior “on the open plane,” we examine an entangled mixed state that is a speciﬁc
example of ρ1 :

ρ1 (∼ 0.225, ∼ 11.57◦) =


0.7113
0
0
0.2800
 0
0.0564
0
0 

,
 0
0
0.0564
0 
0.2800
0
0
0.1760

(16)

which is shown as the target in ﬁgure 6. Note that the 0.99 ﬁdelity region is much larger here than for the Bell
state. This seems to indicate that changing a pure state by adding noise alters the state characteristics (i.e.,
the tangle and linear entropy but not ﬁdelity) much less than varying an already partially-mixed starting
state, i.e., noisy states are more sensitive to these types of changes than pure states. Recall that we observed
the same behavior in the one-qubit case, where partially mixed states had a much wider 0.99-ﬁdelity region
than either of the endpoints (the one-qubit pure and fully mixed states). This is encouraging news for most
quantum infomation tasks, which employ pure states.

4.2. State Concentration
While so far we have focused on the characteristics of mixed entangled states, pure maximally entangled
states are generally more useful for quantum information protocols. However, maximally entangled pure
states may not always be available, so it is important to study ways in which entanglement and purity may
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Figure 6. Constant ﬁdelity curves for a nonmaximally entangled mixed state with λ = 0.225403 and θ = 11.5725◦ .
The constant ﬁdelity curves are swept out by comparing the starting state with states calculated by varying λ and
θ. In the case of this mixed entangled state, the constant ﬁdelity regions are surprisingly large.

be increased by acting on the initial ensemble. Recently, several entanglement concentration‡ experiments
have been realized that exploit two-photon interference eﬀects.27–29 An interesting characteristic of MEMS
is that they may be concentrated using “Procrustean” local ﬁltering30, 31 in a much more eﬃcient way
than other techniques allow.19 We have implemented a partial polarizer based Procrustean ﬁltration technique26, 30, 31 which simultaneously increases both the purity and the tangle of the MEMS by rejecting some
of the pairs of the initial photon ensemble. Though this implementation requires knowledge of the state,
a greater entanglement per initial state ensemble pair is achievable19 than with other recent concentration
schemes.27–29 We ﬁrst modify our MEMS with a HWP oriented at 45◦ in the ﬁrst arm, thereby exchanging
|H ↔ |V  in that arm. The nonzero MEMS diagonal elements then become |HV HV |, |V HV H|, and
|V V V V |. Reducing the |V V V V | element
√ of this modiﬁed MEMS drives the state to the pure maximally
entangled state |φ+  ≡ (|HV  + |V H)/ 2. The ﬁltering is achieved with partial polarizers, an implementation of a generalized positive operator value measure (POVM), made from glass pieces oriented at
Brewster’s angle as indicated in ﬁgure 7 (a). The orientation is such that horizontally polarized photons are
nearly perfectly transmitted (with transmission probability TH = 0.990 ± 0.006) while vertically polarized
photons are partially reﬂected (TV = 0.740 ± 0.002). Each glass piece consists of four ∼1-mm thick microscope slides sandwiched together with index matching ﬂuid. The resulting 4-mm thickness was needed to
ensure that multiple internal reﬂections in one piece of glass did not induce decoherence. Equal numbers
of pieces are placed in each arm, and they are always used in displacement compensating pairs as shown in
the ﬁgure 7 (a).
We concentrated a variety of MEMS as shown in ﬁgure 7 (b). At ﬁrst, as the number of glass pieces
increased, the state became more entangled and less mixed, as predicted.26 But then we observe a reversal,
indicated for various numbers of theoretical concentrating elements by stars on the ﬁgure). This behavior
is not unexpected if one considers the density matrix of the state throughout the ﬁltering process. Initially,
‡
We adopt Thew and Munro’s nomenclature26 where “concentration” refers to a process in which a state’s purity
and entanglement are both increased.
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Figure 7. Concentration elements and data. (a) Elements placed after MEMS preparation and before the tomography system of ﬁgure 3. The half-waveplate, only in the top arm of the experiment, is oriented to rotate |H ↔ |V .
Following the HWP, but located in both arms of the experiment, are the concentrating elements, a variable number
of glass pieces oriented at Brewster’s angle to completely transmit |H but partially reﬂect |V . (b) Shown are
concentrations for three initial states (triangles, ﬁlled squares, and open squares) along with the number of partial
c 2004 the American Physical
polarizing glass pieces in each arm. (Reprinted ﬁgure with permission from Ref. 19. 
Society.) The theoretical concentrated state path is shown with stars. Experimental states agree with theory for
small numbers of glass pieces, but as the number increases, the states concentrate better than expected. We believe
that is explained by the concentration theory’s extreme sensitivity to small changes in the initial state (see ﬁgure 8).
Note, however, that if there are even extremely minute errors in the “zero” diagonals of MEMS, excessive ﬁltration
will eventually produce a pure product state (shown as an extension of A’s theory curve). (c) Real parts of the
density matrix plots for the unconcentrated initial state (A), and for the same state after concentration using six
glass pieces per experimental arm. The imaginary parts are negligible and not shown.

278

Proc. of SPIE Vol. 5468

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 19 May 2020
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use

the MEMS we can produce in our laboratory has the three desired large diagonal values (|HV HV |,
|V HV H|, and |V V V V |) and one additional very small value (|HHHH|) due to slight imperfections
in the state. As concentration begins, all vertically polarized terms are reduced according to TV ; therefore
|V V V V | is reduced twice as much as |HV HV | and |V HV H|. Since horizontal transmission through
the partial polarizers is nearly unity, the reduction of the |HHHH| term is negligible. As the |V V V V |
element is reduced, the state initially becomes more entangled and less mixed. Eventually, however, the
|V V V V | value will equal that of |HHHH|, an example of a Werner state. This is where the theoretical
prediction for the state starts to become less entangled and more mixed. This entanglement unconcentration
continues until the |HHHH| value is the same as |HV HV | and |V HV H|, after which point further
concentration eliminates all diagonal values that have vertical polarization terms. Consequently, extreme
concentration will produce the pure product state |HH.
Our states tended to concentrate slightly better than the theoretical predictions. We attribute this to
the extreme sensitivity of the theoretical concentration “trajectory” to the precise initial state. As our
numerical simulation of Poisson perturbations on the Bell state indicated, a depolarizing channel has the
same eﬀect as Poisson noise. To study this further, we performed a theoretical calculation using (15) to
show that small amounts of noise added to an initial state (ρM EM SI (r = 23 )) greatly change how well it
may be concentrated (see ﬁgure 8). We see that noisy states (even though they have high ﬁdelities with
the perfect λ = 0 state) vary greatly in their trajectories on the entropy-tangle plane, and also in their ﬁnal
concentrated forms.

5. CONCLUSIONS
We have shown that we can create a wide variety of states, including MEMS, to study noise in the context
of mixed states. We examined the relative noise insensitivity of the ﬁdelity for one-qubit mixed states and
applied similar methods to investigate two-qubit states. With these methods, we explored the behavior of the
entropy and tangle for states of a given ﬁdelity with a target state. The resulting large entropy-tangle areas
for “high ﬁdelity” states indicate that the ﬁdelity is much less sensitive than entanglement and mixedness
than we previously thought. Finally, we have implemented a Procrustean concentration scheme on several
MEMS, achieving a concentration eﬃciency higher than that available with other methods. However, slight
perturbations in the initial state greatly bias the concentration outcome, and extreme ﬁltering will only
produce product states (as in ﬁgure 7 (b)). Consequently, an optimal concentration strategy may be a
hybrid between Procrustean and other interference-based methods.27–29
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