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Abstract

Quantum state tomography is the processby which an identical ensem-
ble of unknown quantum statesis completely characterized. A sequenceof
identical measuremerts within a seriesof di®erert basesallow the recon-
struction of a complete quantum wavefunction. This article reviews state
represertation and notation, lays out the theory of ideal tomography, and
details the full experimental realization (measuremen, electronics, error
correction, numerical analysis, measuremern choice, and estimation of un-
certainties) of a tomographic system applied to polarized photonic qubits.

Unlike their classicalcounterparts, quantum states are notoriously dizcult
to measure. In one sense,the spin of an electron can be in only one of two
states, up or down. A simple experiment can discover which state the electron
occupies, and further measuremets on the sameelectron will always con rm
this answer. However, the simplicity of this picture beliesthe complex, complete
nature of an electron which always appearsin one of exactly two states|states
which changedepending on how it is measured.

Quantum state tomography is the processby which any quantum system,
including the spin of an electron, can be completely characterized using an en-
senble of many identical particles. Measuremeits of multiple typesreconstruct
a quantum state from di®eren eigerbases,just as classicaltomography canim-
agea three-dimensionalobject by scanningit from di®erert physical directions.
Additional measuremets in any single basisbring that dimensioninto sharper
relief.

This article is structured into two major partitions *: the theory of tomogra-
phy (Sections| and Il) and the experimental tomography of photonic systems

1The manuscript is based on a shorter article (Altep eter et al., 2004) which appeared in
the special volume Quantum State Estimation ; here we have written the entire article to be
speci ¢ to polarization-based photonic tomography and extended the results to include qudits,
imp erfect waveplates, a new type of maximum lik elihood technigues, and information on the



(Sections 11l{VI). The theoretical sections provide a foundation for quantum
state tomography, and should be applicable to any system, including photons
(White et al., 1999; Sanala et al., 2001;Mair et al., 2001a;Nambu et al., 2002;
Giorgi et al., 2003; Yamamoto et al., 2003; Sergienlo et al., 2003; Pittman
et al., 2003; O'Brien et al., 2003; Marcikic et al., 2003), spin-% particles (as,
e.g., are used in NMR quantum computing (Cory et al., 1997; Jones et al.,
1997; Weinstein et al., 2001; La°amme et al., 2002)), and (e®ectiwely) 2-level
atoms (Monroe, 2002; Schmidt-Kaler et al., 2003). Section | provides an in-
troduction to state represenation and the notation of this article. Section 11
describes the theory of tomographic reconstruction assuming error-free, exact
measuremets. The secondpart of the article cortains not only information
speci ¢ to the experimental measuremeh of photon polarization (e.g., how to
deal with imperfect waveplates), but extensive information on how to deal with
real, error-prone systems; information useful to anyone implemerting a real
tomography system. Section |11 concernsthe collection of experimental data
(projectors, electronics, systematic error correction) and Section IV dealswith
its analysis (numerical techniquesfor reconstructing states). SectionsV and VI
describe how to choosewhich measuremets to make and how to estimate the
uncertainty in a tomography, respectively.

In order to facilitate the use of these techniques by groups and individuals
working in any "eld, a website is available which provides both further details
about thesetechniquesand working, documerted code for implemerting them.?

| State Representation

Before statescan be analyzed, it is necessanto understandtheir represertation.
In particular, the reconstruction of an unknown state is often simplied by a
speci ¢ state parametrization.

A Representation of Single-Qubit States

Rather than begin with a general treatment of tomography for an arbitrary
number of qubits, throughout this chapter the single-qubit casewill be investi-
gated initially . This provides the opportunity to strengthen an intuitiv e grasp
of the fundamentals of state represettation and tomography before moving on
to the more complex (and more useful) generalcase. In pursuanceof this goal,
we will usegraphical represertations only available at the single-qubit level.

1 Pure States, Mixed States, and Diagonal Represen tations

In general,any single qubit in a pure state can be represerned by

jAi = ®0i + Tj1i; (1)

choice of measurements. Becausethe conceptual background is identical, some of the text and
“gures have been borrowed from that earlier work.
2http://www.physics.uiuc.edu/research/QI/Photonics/Tomograp hy/



where® and ~ are complex and j®j? + j j2 = 1 (Nielsen and Chuang, 2000). If
the normalization is written implicitly and the global phaseis ignored, this can
be rewritten as V| V|

jAi = cos Y joi+sin B eAjui: @)

2 2

Example 1. Pure States. Throughoutthis chapter, exampleswill be provided
using qubits enaoded into the electric “eld polarization of photons. For a single
photon, this system has two levels, e.g., horizontal (jHi ~ jOi) and vertical
(jVi ~ jdi), with all possiblepure polarization states constructed from coherent
superpositions of thesetwo states. For example, diagonal, antidiagonal, right-

circular and left-circular light are respectively representel by
jiDi ~ (jHi+ jVi):p 2;
JAL T (Hi V)= 2
jRi ~ (jHi+ijvi)= 2
andjLi = (jHij ijvi)= 2 (3)

This represertation enablesthe tomography of an ensenble of identical pure
states, but is insutcient to describe either an ensenble containing a variety of
di®erent pure states or an ensenble whose menmbers are not pure (perhaps
becausethey are entangled to unobsened degreesof freedom). In this casethe
overall state is mixed.

In general,thesemixed statesmay be described by a probabilistically weighted
incoherent sum of pure states, i.e., they behave asif any particle in the ensenble
has a speci ¢ probability of being in a given pure state, and this state is distin-
guishably labelled in someway. If it were not distinguishable, the total state's
constituent pure states would add cohererily (with a de nite relative phase),
yielding a single pure state.

A mixed state can be represetted by a density matrix %z where

u Hoj hj T

X 0 iA

_ ik i O A Ceé" |

o= PijAiihA;j = i ced B (4)

P; is the probabalistic weighting (P iPi = 1), A;B and C are all real and
non-negative, A+ B = 1,and C - = AB (Nielsen and Chuang, 2000).

While any ensenble of pure states can be represerted in this way, it is also
true that any ensenble of single-qubit states can be represerted by an ensenfle
of only two orthogonal pure states. (Tw o pure statesjA, i andej i areorthogonal
if jhAijAj ij = 0). For example,if the matrix from Eqn. (4) were diagonal, then
it would clearly be a probabalistic combination of two orthogonal states, as

oj b
oA 0 . .. i
i 0 B AjOi o) + Bjlihij: (5)



Howewer, any physical density matrix can be diagonalized, such that

o o
4 urj MOJ'H
e }Al?i 3 e, - EqjAiMA] + E,jA% ihA? | (6)

where fE1; E»g are the eigenvalues of %% and fj Ai;jA” ig are the eigervectors
(recall that theseeigervectors are always mutually orthogonal, denoted here by
the ? symbol). Thusthe represertation of any quantum state, no matter how it
is constructed, is identical to that of an ensenble of two orthogonal pure states 3

Example 2. A Mixed State. Now consider measuring a source of photons
which emits a one-photon wave packet each second, but alternates|p erhaps
randomly|b etween horizontal, vertical, and diagonal polarizations. Their emis-
sion time lakelsthesestates(in principle) as distinguishable,and soif we ignore
that timing information whenthey are measured, we must representtheir state
as a density matrix %

% = %(jHiH—|j+jVith+jDiij)
0 . . . : . 1
Hj hj Hj hj hHj hVj
_}jHi“l oﬂ+jHi“o 0ﬂ+jHi“% %ﬂﬁ
T 3@yvi 0 o jivi 0 1 ivi 3 3
0 uth Wjﬂl
_ 1BjHi~ 3 1 § e
T 8@jyvi 1 3 '
When diagonalize,
0 uhDj mjﬂl
_1Bjpi~ 2 o§_2...1..._
o= 3 @A 0 1 = éJD|rDJ+ §]AI|’A], (8)

which, as predicted in Egn. (6), is a sum of only two orthogonal states.

31t is an interesting question whether all physical states described by a mixed state|e.g.,

Eqn. (6)lare indeed completely equivalent. For example, Lehner, Leonhardt, and Paul
discussed the notion that two types of unpolarized light could be considered, depending on
whether the incoherence between polarization components arose purely due to an averaging
over rapidly varying phases,or from an entanglement with another quantum system altogether
(Lehner et al.,, 1996). This line of thought can even be pushed further, by asking whether
all mixed states necessarily arise only from tracing over some unobserved degreesof freedom
with which the quantum system has become entangled, or if indeed such entanglement may
“collapse' when the systems involved approach macroscopic size (Kwiat and Englert, 2004).
If the latter were true, then there would exist mixed states that could not be seenas pure in
some larger Hilb ert space. In any event, these subtleties of interpretation do not in any way
a®ect experimental results, at least insofar as state tomography is concerned.



Henceforth, the “bra' and “ket' labelswill be suppressedrom written density
matrices where the basisis fj Oi;jlig or fiHi;jVig.
2 The Stokes Parameters and the Poincar § Sphere

Any single-qubit density matrix %2can be uniquely represetted by three param-
etersfS;; Sy; S30:

1R
%= 5 S 9)
i=0
The % matricesﬂare q 0 0
3),,“10_3),,“01_9,,u0ii _3)(,“10 . (10)
® 01 '"* 10 72 i o % 0o i1
and the S; valuesare given by
S © Trivy: (11)

For all pure states, _;_; S = 1, for mixed states, ;_, Sf < 1, for the com-
pletely mixed state, i3:l S? = 0. Due to normalization, Sy will always equal
one.

Physically, eat of these parametersdirectly correspndsto the outcome of
a speci ¢ pair of projective measuremets:

So = Pjoi + Py

St = Pagoijuy i Peigoij 1i)

S2 = Pugoi+ijny i Pegoii i)

Ss = Pjoii Pjus (12)

where Pj; is the probability to measurethe state jAi. As we shall seebelow,
theserelationships betweenprobabilities and S parametersare extremely useful
in understanding more general operators. BecausePjz; + Pz~ = 1, thesecan
be simplied in the single-qubit case,and

Piai i Pjazi = 2Pjaii L (13)
The probability of projecting a given state %into the state jAi (the probability
of measuringjAi) is given by (Gasiorowitz, 1996):

Piai = DA%AI
TrfjAibAj%y: (14)

In Eqn. (12) above, the S; are de ned with respect to three states, jAi i

jA, = B—Q(JOHJll)
jAi, = pl—é(j0i+ijli)
jAi; = joi; (15)



and their orthogonal complimerts, jA? i. Parameterssimilar to theseand serving
t@e same function can be de_ged ~With respect to any three arbitrary states,
jAii, aslong as the matrices jA;ihA;j along with the identity must be linearly
independert. Operators analogousto the %:0perators can be de ned relative to
these states:
& iAinAji JATIPAT | (16)
We can further de ne an "S-like' parameter T, given by:
T, " Trfsvy: a7

Continuing the previous convention and to completethe set, wede ne &y~ %,
which then requiresthat To = 1. Note that the S; parameters are simply a
special caseof the T;, for the casewhen ¢ = %;.

Unlik e the speci ¢ caseof the S parameterswhich describe mutually unbi-
asal* (MUB) measuremen bases,for biased measuremets

1 X
%6 > Ti4: (18)
i=0
In order to reconstruct the density matrix, the T parameters must rst be
transformed into the S parametersusing Eqn. (21).

Example 3. The Stok es parameters.

For photon polarization, the S; are the famous Stokes parameters (though
normalized), and correspnd to measurementsin the D/A, R/L, and H/V bases
(Stokes, 1852). In terms of the & matricesjust intr oduced, we would de ne a set
of basis statesjA1i ~ jDi;jAsi ~ jRi; and jAsi © jHi: For theseanalysis bases,
&= %8 = ¥%; and 25 = ¥ (and therefore T; = S for this speci ¢ choice of
analysis bases).

As the simplest example, consider the input state jHi. Applying Eqgn. (11),
we nd that

So= Trid%yg=1
S1=Trfd%g=0
S; = Trd%g=0
Sz = Trid%g= 1 (19)
which from Egn. (9) implies that
M 1
1 _ 10 .
% - é (yﬁ + 2%3) - 00 . (20)

4Tw o measurement bases,fhA;jg and fhA; jg, are mutually unbiased if 8;; jhAjA;ij2 = I
where d is the dimension of the system (for a system of n qubits, d = 2"). A setof measurement
basesare mutually unbiased if each basis in the setis mutually unbiased with respect to every
other basis in the set. In single-qubit Poincar§ space, the axes indicating mutually unbiased
measurement basesare at right angles (Lawrence et al., 2002).



When the Stokes parameters (S;j) are used as coordinates in 3-space, all
physically possiblestatesfall within a sphereof radius one (the Poincar§ sphere
for polarization, the Bloch spherefor electron spin or other two-level systems;
seeBorn and Wolf (1987)). The pure states are found on the surface, states
of linear polarization on the equator, circular states at the poles, mixed states
within, and the totally mixed state { corresponding to completely unpolarized
photons { at the certer of the sphere. This provides a very corveniert way
to visualize one-qubit states (see Figure 1). The p and A values from Eqn.
(2) allow any pure state to be easily mapped onto the sphere surface. These
valuesare the polar coordinates of the pure state they represer on the Poincarg
sphere® In addition to mapping states, the spherecan be usedto represen any
unitary operation asarotation about an arbitrary axis. For example,waveplates
implemert rotations about an axis that passeshrough the equator.

Any state jAqi and its orthogonal partner, jAd i, are found on opposite points
of the Poincar§ sphere. The line connectingthesetwo points forms an axis of the
sphere,useful for visualizing the outcome of a measuremen in the jAqi/jA i ba-
sis. The projection of any state %%(through a line perpendicular to the jAqi/ jAj i
axis), will lie a distance along this axis corresponding to the relevant Stokes-like
parameter (T = MAoj9%Agi | PA] j9%AS ).

Thus, just asany point in three-dimensionalspacecan be speci ed by its pro-
jection onto three linearly independert axes,any quantum state canbe speci ed
by the three parametersT; = Trf& %9, where 4-;1 .».3 are linearly independert
matrices equal to jA;ihA;j i jA7ibA’j. The 4 correspond to general Stokes-
like parametersfor any three linearly independert axeson the Poincar§ sphere.
Howeer, they can di®er from the canonical Stokes axesand neednot even be
orthogonal. SeeFigure 1b for an example of state represenation using non-
orthogonal axes.

In order to usethesemutually biased Stokes-like parameters, it is necessary
to be able to transform a state from the mutually biasedrepresertation to the
Stokes represenation and vice-versa. In general, for any two represenations
Si=Tri¥Y%gand T, = Trf4%g it is possibleto transform betweenthem by
using

Trifdg Trifdag Trffdeg Trfd %g 0
% § 1B Trig%g Triadg Triz%g Trig %g%%&%_
Trifdg Trifdag Trifdeg Trildsg '
Triss%%g Trfdsdag Trifdg Trffdag
(21)
This relation allows S parametersto be transformed into any set of T param-
eters. In order to transform from T to S, we can invert the 4 by 4 matrix in
Eqn. (21) and multiply both sidesby this newmatrix. This inversionis possible

5These polar coordinates are by conventlon rotated by 90*, sothat u= 0is on the equator
corresponding to the state jHi and p= 90*; A= 90 is at the North Pole corresponding to the
state jRi. This 90 rotation is particular to the Poincar® representation of photon polarization
(Peters et al., 2003); representations of two-level systems on the Blo ch sphere do not intro duce
it.



Figure 1. The Poincar§ (or Bloch) sphere. Any single-qubit quantum state %2
can be represerted by three parametersT; = Trf 2 %g, aslong asthe operators
4 in addition to the identit y are linearly independert. Physically, the T; param-
eters directly correspond to the outcome of a speci ¢ projective measuremeix

Ti = 2P; j 1, where P; is the probability of succesdor the measuremeh The
T; may be usedas coordinates in 3-space.Then all 1-qubit quantum states fall

on or within a sphereof radius one. The surface of the spherecorresponds to

pure states, the interior to mixed states, and the origin to the totally mixed
state. Shown is a particular pure state jAi, which is completely specied by
its projection onto a set of non-parallel basis vectors. (a) When & = %; (the
Pauli matrices), the basis vectors are orthogonal, and in this particular case
the T; are equalto the Sj, the well known Stokes parameters, corresponding to
measuremets of diagonal (S1), right-circular (S;), and horizontal (S3) polariza-
tions. (b) A non-orthogonal coordinate systemin Poincar§ space. |t is possible
to represen a state using its projection onto non-orthogonal axesin Poincar§
space. This is of particular usewhen attempting to reconstruct a quantum state
from mutually biasedmeasuremets. Shavn here are the axescorresponding to
measuremets of 22:5* linear (T,), elliptical light rotated 22:5* from H towards
R (T2), and horizontal (T3). Taken from (Altep eter et al., 2004).



becausewe have chosenthe & operators to be linearly independen; otherwise
the T; parameterswould not specify a single point in Hilb ert space.

B Representation of Multiple Qubits

With the extension of these ideasto cover multiple qubits, it becomespossi-
ble to investigate non-classicalfeatures, including the quintessetially quantum
medanical phenomenonof entanglemert.

1 Pure States, Mixed States, and Diagonal Represen tations

As the name implies, multiple-qubit states are constructed out of individual
qubits. As sud, the Hilb ert spaceof a many qubit systemis spannedby state
vectors which are the tensor product of single-qubit state vectors. A general
n-qubit systemcan be written as
~ . x .. . .e . . .
jAI = ® iy Jind - Jigl - iii- jipic (22)
i1;ip;inp=0;1
P
Here the ® are complex, j®j2 = 1, and - denotesa tensor product, used
to join componert Hilbert spaces.For example, a generaltwo-qubit pure state
can be written
jAi = ®00i + ~jOli + °j10 + +11i; (23)
where jOGi is shorthand for jOi, - jOi,.
As before,we represen a generalmixed state through an incoherert sum of
pure states: X
o= Piin i h&ij: (24)
i
And, asbefore,this 2"-by-2" density matrix represering the n-qubit state may
always be diagonalized, allowing any state to be written as
Xn - X FE
%= PijAiPAj: (25)
i=1
(24) di®ersfrom (25) in that the A are necessarilyorthogonal (PAjAi = %),
and there are at most 2" of them; in (24) there could be an arbitrary number
of jAii.
Example 4. A general two-qubit polarization state. Any two-qubit po-
larization state can be written as
hHHj hHVj HVHj hV V]
JHHi Aj_.’ Ble'Al Bzdéz Bgef/j\3
jHVi BBiel A A, Byehe Bsef\sg
jVHI B,el IAZ B,e !/’\4 A3A’ BselA6
jVVI Bgei A3 B5ei iAs Beei iAe A4

D= ; (26)

where %ais positive and Hermitian with unit trace. Henceforth, the "bra’ and “ket'
lakels will be omitted from density matrices presenta in this standard basis.
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Example 5. The Bell States. Perhapsthe most famous examplesof pure
two-qubit states are the Bell states (Bell, 1964):

jASi = Q%GHFH§jVVD
jASi = #%QHW§jVHn: (27)

Mixed states of note include the Werner states (Werner, 1989),
oo 1
% =PI+ (1 P71 (28)

where j°i is a maximally entangled state and %I is the totally mixed state,
and the maximally entangled mixed states (MEMS), which possesghe maximal
amount of entanglementfor a given amount of mixture (Munro et al., 2001).

Measuresof entanglemert and mixture may be derived from the density
matrix; for reference we now describe seweral such measuresusedto characterize
a quantum state:

Fidelity Fidelity is a measureof state overlap:

Mo g AP
F(4,%) = Tr B 4 (29)

which - for ¥ and % pure - simplies to Trf%%g = jhA;jAij? (Jozsa, 1994F.
Tangle  The concurrence and tangle are measuresof the non-classical
properties of a quantum state (Wooters, 1998; Co®manet al., 2000). For two
qubits’, concurrenceis de ned as follows: consider the non-Hermitian matrix
R = 9893 § wherethe superscript T denotestransposeand the “spin °ip matrix’

§ is dened by: 0 1
0 00 i1
. 0 01 O
§ 0 10 O (30)
il 00 O

If the eigervalues of R, arranged in decreasingorder, are given by r; , ry |
rs, rq4, then the concurrenceis de ned by

c = MaxfoPrri Prai Py Prag: (31)

6Note that some groups use an alternate convention of “delit y, equal to the square root of
the formula presented here.

"The analysis in this subsection applies to the two-qubit caseonly. Measures of entangle-
ment for mixed n-qubit systems are a subject of on-going research: see,for example, (T erhal,
2001) for a recent survey. In somerestricted casesit may be possible to measure entanglement
directly , without quantum state tomography; this possibility was investigated in (Sancho and
Huelga, 2000). Also, one can detect the presence of non-zero entanglement, without quan-
tifying it, using so-called \entanglement witnesses" (Lewenstein et al., 2000). Elsewhere we
describe the trade-o®s asscciated with these other entanglement characterization schemes
(Altep eter et al., 2005).

11



The tangle is calculated directly from the concurrence:
T  CZ% (32)

The tangle (and the concurrence)range from 0 for product states (or, more
generally, any incoherert mixture of product states) to a maximum value of 1
for Bell states.

Entropy and the Linear Entropy ~ The Von Neumanentropy quarnti es the
degreeof mixture in a quantum state, and is given by

X
S’ i Tri%n[%g= pnfpig; (33)
i

wherethe p; are the eigervaluesof Y2 The linear ertropy (White et al., 1999)is
a more analytically cornveniert description of state mixture. The linear entropy
for a two-qubit systemis de ned by:

4i © .a¢
s, = 2'1; Tr »
35 |
4 X
= é ll pa ; (34)
a=1

where p, are the eigervaluesof ¥2 Note that for pure states,?? = %2 and Tr [%
is always 1, sothat S, rangesfrom O for pure statesto 1 for the completely
mixed state.

2 Multiple Qubit Stok es Parameters

Extending the single-qubit density matrix represenation of Eqn. (9), any n-
qubit state ¥>may be represenied as

multiple-qubit analog of the single-qubit Stokes parameters) to identify any
point in Hilbert space,just asthree parameters determined the exact position
of a one-qubit state in the Bloch/P oincar§ sphere. Already for two qubits, the
state spaceis much larger, requiring 15 independert real parametersto describe
it. For this reason,there is no conveniert graphical picture of this space,asthere
was in the single-qubit case(see, howeer, the interesting approaces made by
Zyczkowski (2000, 2001)).

For multiple qubits the link betweenthe multiple-qubit Stokes parameters
(Jameset al., 2001;Abouraddy et al., 2002) and measuremeh probabilities still
exists. The formalism of & operators also still holds for larger qubit systems,so
that

T=Trf¢%y: (36)

12



For “local' measuremets (a local measuremehn is the tensor product of a number
of single-qubit measuremets: the “rst projecting qubit onealong?,, the second

qubit two along &,, etc.), &= &, - &,- :::- &,. Combining Eqgns. (35) and
(36),
Til;iz;iiiin = Trf(al_ az_ - an)% (37)
1 x3
= on Trig, 2%.0Trf8,%,0: 0 Tr{d, %.9S .00
jiij2vni n=0

Recall that for single qubits,

Tizizs = Pigii Pz
To = P+ Pari = 18A (38)

Therefore, for an n-qubit system,

Tili' =
(Pia, i 8 Pin?li) - (Pi&,i 8 Pin?zi)' 2ii- (Piag,i 8 Pj/ii?ni)? (39)

where the plus sign is usedfor a zero index and the minus sign is usedfor a
nonzeroindex. For a two-qubit systemwherei; 6 Oandi, 6 O, T;,;, simplies
dramatically, giving

Tii. = (Piayii Pazi) - (Piagii Piazi)

= PigiaLi i Pia i A7 Pj/:\flij Ai T Pin-’lijAfzi: (40)
This relation will be crucial for rebuilding a two-qubit state from local measure-
mernts.

As before, we are not restricted to multiple-qubit Stokes parameters based
only on mutually unbiased operators. Extending Eqgn. (21) to multiple qubits,

and againassumingtwo represertations S;, i i, = Trf(%%, - %%, - :1- %,)%9;
¢'3-|'1d-|—|1|2;:::|n = Trf(él- S, - an)%l
Til;ig;:::i n = (41)
1 x3
o Tr f(&,- &,- - 8,) (%% % - %095 000
jusi2:n n=0

In general,a given 2 operator is not uniquely mappedto a single pair of anal-
ysis states. For example, considermeasuremets of jHi and jVi corresponding
to &y = jHiMHjj jViVj =3 and &, = jVihVjj jHiH]j = | %. Therefore,
in Y- %= %-i%%  ovv. This artifact of the mathematics doesnot
in practice a®ectthe results of a tomography.

Example 6. A separable two-qubit polarization state.
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Consider the state jJHHi. Following the examplein Eqgns. (20),

%o JHHIitHH |

1 1
= Z(%+ V) - =(e+ %
2(4) 3) 2(0 3)
1
= Z(%- Yo+ Vo- Y+ - Yot Y- ) (42)

This implies that for this state there are exactly four non-zem two-qubit Stokes
parameters: Sp.o; So:3; Ss:.0; and Ss.3 { all of which are equalto one. (As earlier,
for the special case when & = % , we relatel the T;; as S;; , the two-qubit
Stokesparameters (James et al., 2001; Abouraddy et al., 2002).) The separable
nature of this state makesit easyto calculate the two-qubit Stokesdecomposition.

Example 7. The singletp state. If instead we investigate the entanglel state

JATi 7 (jHVii jVHi)= 2, it will be necessaryto calculate each two-qubit
Stokesparameter from the %2 matrices. As an example,consider .5~ %3 - %4,
for which © B a

83;3 =Tr y@;ngi IhaxI j = 1: (43)

We could instead calculate S3.3 directly from prokability outcomes of measure-
ments on jAi i:

Sz3z3 = (Pui Pv)- (Pui Pv)
= PHH i Puvi Pvu + Pyy
1 1
- 0 - 7+0
b 2' 2
= il (44)

Continuing on, we measure Sy.3:

Soz = (Pu+Py)- (Phi Pv)
= Puui Puv +Pvnhi Pyv
1 1
- 0 4 = O
it
= o (45)

Here the signs of the prolabilities changel due to the zer index in Sp.3. These
resultswould have been the sameevenif the analysis basesof theg rst qubit had
been shifted to any other orthogonalbasis, i.e., Sp.3 = Pa + Px> - (Pu i Pv).
If the methad aloveis continued for all the Stokesparameters, one concludes
that
% = %(jHVi i JVHI)(FHVji hVH]J)

1
= Z(%- Yoi - i Y- i Y- %) (46)
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C Representation of Non-Qubit Systems

Although most interest within the “eld of quantum information and computa-
tion hasfocusedon two-level systems(qubits) due to their simplicity, availabil-
ity, and similarity to classicalbits, nature contains a multitude of many-level
systems, both discrete and continuous. A discussionof cortinuous systemsis
beyond the scope of this work|see Leonhardt (1997), but we will brie°y address
here the represertation and tomography of discrete, d-level systems(\qudits").

For a more detailed description of qudit tomography, seeThew et al. (2002).

1 Pure, Mixed, and Diagonal Represen tations
Directly extending Eqgns. (1) and (2), an d-level qudit can be represened as
jAI = ®pj0i + ®jli + 11+ ®y, 1jd | i; (47)

P
where ij®j2 = 1. Mixed qudit states can likewisebe represerted by general-
izing Eqns. (4) and (6):

Yo = PxjAkinAj (48)
k
g 1
= Pi j/aq ihAi J (49)
i=0
Here fjAcig is completely unrestricted while jhAij/?\j ij = % . In other words,

while any mixed state is an incoherert superposition of an undetermined num-
ber of pure states, any mixed state can be represetted by an incoherert super-
position of only n orthogonal states (the diagonal represertation).

Example 8. Orbital Angular Momen tum Mo des. Orbital angular mo-
mentum is a multiple-level photonic systemwhich has recently been studied for
quantum information (Mair et al., 2001b; Langford et al., 2004; Arnaut and
Barbosa, 2000). Consider a qudit systemwith an in nite numker of levelsrep-
resentingthe quantization of orbital angular momentum. A superposition of the
three lowest angular momentum levelswould look like

jAi = j+1i + joi + ji 1i; (50)

wher j+1i (jj 1i) correspndsto a mode where each photon has+~ (-~) orbital
angular momentum, and jOi correspndsto a zem angular momentummode, e.g.
a Gaussian. Using specially designel holograms, these states can be measured
and interconverted (Allen et al., 2004).

2  Qudit Stok es Parameters

In order to completely generalizethe qubit mathematics laid out previously to
the qudit case,it is necessaryto nd Stokes-like parameters which satisfy the
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following conditions:

X

% = Si%; (51)
i=0

S Trivog: (52)

In addition, in order to easily generalizethe tomographic techniques of the next

Section, it will be necessaryto nd S; asa function of measureableprobabilities:
i© a¢

Si =F PJAI . (53)

Obviously, it would beidealto 'nd asimple form similar to the qubit #matrices.
Conveniertly, the generalqudit siggyamatricesand cogresponding & parameters
canbe divided into three groups( 2§ ;% ;3% and SX;SY;S? ), according
to their similarity to 9 = %, % = %, and % = %, respectively (Thew et al.,
2002). Using these divisions, we can expand Eqgn. (51):

X i ¢ %!
7= So%e St ShHu v ST (54)
jikaf q;g::: nj 1g r=1

i
Investigating the simplest group “rst, it is unsurprising that
Y =1;S=1, (55)

cortinuing the previous qubit corvertion. The X and Y related variables are
de ned almost identically to their predecesors:

Wi = diitki+ jkihj; (56)
X _ . .
Stk = Pegiisikiy i Pegii «iy; 57)
W = iiGiinki jkihij); (58)
S% = Pegiiviiy i Peqii i)’ (59)
The denitions for ¢ and S? are slightly more complicated:
s 20 1 3
, 2 4@X1.....A e
L ) j:OJJ'hJ i ririfeyo; (60)
s 20 1 3
z 2 40" A 5
Sro= T+ 1) @ PjiAG rPyd: (61)

j=0
These de nitions complete the set of n? sigma matrices, and have a slightly

more complex form in order to satisfy Tr[%] = 0 and Tr[%%] = 2+ (these
de nitions apply to all 3; except %p).
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Example 9. The Qutrit. For a 3-level system(j0i;jli; and j2i), the %2 ma-
trices can be de ned as:

0 1 0 1 0 1
100 1 00 g_ 10 0
%=@0 1 0A 3% =Q@0 j1 0A %= 1@0 1 0A
001 0 0 O 00 j2
0 1 0 1 0 1
010 001 000
%,=@1 0 0A 2%,=@0 0 0A %,=@0 0 1A
000 100 010
0 o1 0 1 0 1
0O ji O 0O 0 ji 0 0 O
%,=@i 0 0A ,=@0 0 0A ,=@0 0 jiA
0 0 0 i 00 0i 0

Expanding the S; parametersin terms of probabilities, we nd that:

So = 1,

S, = Pp%(10i+j1i)i Ppl—z(jOiij 1i)s
Sts = Pugoiian i Pagoi 2);
Sy3 = Pegui+jaiy i Peguij 2i)
S, = Pegoi+ijzn i Pegoi iji);
513 = Pp%(j0i+ij2i)i Pp%(jon ij2i)
Sy = Ppl—z(j1i+i12i)i Ppl—f(jlii ij2i)s
Sf = Pjoii P

s; = P%IPjOi + P i 2Pj2i¢

Il Tomograph y of Ideal Systems

The goal of tomography is to reconstruct the density matrix of an ensenble
of particles through a seriesof measuremets. In practice, this can never be
performed exactly, asan in nite number of particles would be required to elim-
inate statistical error. If exact measuremeis were taken on in nite ensenbles,
ead measuremenh would yield an exact probability of successwhich could then
be usedto reconstruct a density matrix. Though unrealistic, it is highly illus-
trativ e to examine this exact tomography before consideringthe more general
treatment. Hence, this Section will treat all measuremets as yielding exact
probabilities, and ignore all sourcesof error in those measuremets.
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A Single-Qubit Tomography

Although reconstructive tomography of any sizesystemfollows the samegeneral
procedure, beginning with tomography of a single qubit allows the visualization
of eadh step using the Poincar§ sphere,in addition to providing a simpler math-
ematical intro duction.

1 Visualization of Single-Qubit Tomograph y

Exact single-qubit tomography requiresa sequencef three linearly independert
measuremets. Each measuremeh exactly speci es one degreeof freedom for
the measuredstate, reducing the free parametersof the unknown state's possible
Hilb ert spaceby one.

As an example, considermeasuringR, D, and H on the partially mixed state

A 5 o]
5 ol
= % 232 (62)
F3 8
Rewriting the state using Eqn. (9) as
%—EHZX+ 19’+}2’)’ﬂ (63)
=5 7 P—é 2+ 47

allows us to read o®the normalized Stokes parameters corresponding to these
measuremets:

S$1=0S= pl—i; and Sz = -: (64)

N

As always, Sp = 1 due to normalization. Measuring R (which determines S;)
“rst, and looking to the Poincar§ sphere,we determine that the unknown state
must lie in the z = p% plane (as S; = p%). A measuremen in the D basis

(with the result Pp = Pp = %) further constrainsthe state to the y = 0 plane,
resulting in a total con nement to a line parallel to and directly above the x
axis. The "nal measuremen of H pinpoints the state. This processis illustrated
in Figure 2a. Obviously the order of the measuremets is irrelevant: it is the
intersection point of three orthogonal planes that de nes the location of the
state.

If instead measuremets are made along non-orthogonal axes, a very simi-
lar picture dewvelops, asindicated in Figure 2b. The “rst measuremehn always
isolatesthe unknown state to a plane, the secondto a line, and the third to a
point.

Of course,in practice, the experimenter has no knowledge of the unknown
state before a tomography. The set of the measuredprobabilities, transformed
into the Stokesparametersas above, allow a state to be directly reconstructed.

2 A Mathematical Look at Single-Qubit Tomograph y

Using the tools deweloped in the rst Section of this chapter, singlg—gubit to-
mography is relatively straightforward. Recall Eqn. (9), %2= % =0 Si%.
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Figure 2: A sequenceof three linearly independent measuremets isolatesa sin-
gle quantum state in Hilb ert space(shown hereasan open circle in the Poincar§
sphererepresenation). The rst measuremeh isolatesthe unknown state to a
plane perpendicular to the measuremen basis. Further measuremets isolate
the state to the intersections of non-parallel planes, which for the secondand
third measuremets correspond to a line and nally a point. The black dots
shown correspond to the projection of the unknown state onto the measuremen
axes, which determines the position of the aforemenioned planes. (a) A se-
guenceof measuremets along the right-circular, diagonal, and horizontal axes.
(b) A sequenceof measuremets on the samestate taken using non-orthogonal
projections: elliptical light rotated 30* from H towards R, 22.5* linear, and
horizontal. Taken from (Altep eter et al., 2004).
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Considering that S;;S,; and S3 completely determine the state, we need only
measurethem to complete the tomography. From Eqn. (13), Sj>0 = 2PjAi i 1,
thefrefore three measuremets in the jOi ; 91—5 (joi + jl1i);and 91—5 (joi + ijli) bases
will completely specify the unknown state. If instead measuremets are made
in another basis, even a non-orthogonal one, they can be easily related bad to
the S; parameters, and therefore the density matrix, by meansof Eqn. (21).

While this procedureis straightforward, there is one subtlety which will be-
comeimportant in the multiple-qubit case.Projective measuremets generally
refer to the measuremen of a single basis state and return a single value be-
tweenzeroand one. This corresponds, for example,to an electron beam passing
through a Stern-Gerlach apparatus with a detector placedat one output. While
a single detector and knowledge of the input particle intensity will { in the one-
qubit case{ completely determine a single Stokes parameter, one could collect
data from both outputs of the Stern-Gerlach device. This would measurethe
probability of projecting not only onto the state jAi, but also onto jA” i, and
without needingto know the input intensity. All physical measuremets on sin-
gle qubits, regardlessof implemertation, canin principle be measuredthis way
(though in practice measuremets of somequbit systemsmay typically detect
a population in only one of the states, asin Kielpinski et al. (2001)). We will
seebelow that although one detector functions aswell astwo in the single-qubit
case,this situation will not persistinto higher dimensions.

B Multiple-Qubit  Tomograph y

The same methods usedto reconstruct an unknown single-qubit state can be
applied to multiple-qubit systems. Just as ead single-qubit Stokes vector can
be expressedin terms of measurable probabilities|Eqn.  (12), ead multiple-
qubit Stokesvector can be measuredin terms of the probabilities of projecting
the multiple-qubit state into a sequenceof separablebases|Eqn. (39).

Using the most naive method, an n-qubit system, represered by 4" Stokes
parameters,would require 4" £ 2" probabilities to reconstruct (2" probabilities
for eadh of 4" Stokesparameters).

Of course,becausean n-qubit density matrix contains 4" 1 free parameters,
the 4" £ 2" measuredprobabilities must be linearly dependert. As expected,
by using the extra information that measuremets of complete orthogonal bases
must sumto one(e.g., Phu+tPyv+Pypu+Pyyv = 1,Phuu+Phyv = Pup +PH A),
we nd that only 4" i 1 probability measuremets are necessaryto reconstruct
a density matrix.

While we can easily construct a minimum measuremen set for an n-qubit
systemby measuringevery combination of fH;V;D;Rg at ead qubit, i.e.,

fMg=fH,;V,D;Rg, - fH;V;D;Rg,- :::fH;V;D;Rg,; (65)

this is almost never optimal (see Section V). SeeSection II1.D for a formal
method for testing whether a speci ¢ set of measuremis is suzcient for tomog-
raphy.
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Example 10. An Ideal 2-Qubit Tomograph y of Photon Pairs.
Consider measuring a state in nine complete four-element bases,for a total

of 36 measurement results. These results are compiled below, with each row

representing a single basis, and therefore a single two-qubit Stokesparameter.

S _ +Ppp i Poa i Pap +Pan _ 1
o= T e T =g
+P i P i P +P
Sip = DR i Fou i Par M= 0

z 7 7 7
+P i P p +P
Sis = 4lDH I%DV I%AH %Av )
+P i P P +P
Syq = RO i Pra i PLo ®»oo=0
! 4 4 4 4
S _ +PRrR i PrL i Pr + P — . 1
2:2  — 1 1 1 1 =1 3
' 6 3 3 6 3
+P P P +P
Sps = RH i Prv i P W=
' Z z z z
+P P i P +P
S31 = A Yh =0
7 z 7 7
+P P i P +P
Swo= TR Rt =0
7 z z z
+P P P +P 1
Sss = gH I%HV I%\IH §vv :§ (66)

Measurements are taken in each of these nine hases, determining the alove
nine two-qubit StokesParameters. The six remaining required parameters, listed
below, are degendent upon the same measurements.

p .
SO;l - + fD i PLDA +PlAD i PLAA =0
3 6 6 3
P i P P P
50;2 - + lFaR i LLR + lRL i lLL =0
3 3 3 3
P i ;
Ses = Crpe PRy TR iR o
' 3 3 3 3
S S R G S A
! 3 6 6 3
Soo = +PlRR +PLLR i PlRL i PlLL -0
! 6 3 3 6
S L R S SR
3 6 6 3
(67)
Theseterms will not in geneal be zer. Recall|c.f. Eqn. (42)|that for jHHI,

So:3 = Ss.0 = 1. Of course, Sp.0 = 1. Taken together, these two-qubit Stokes

parameters determine the density matrix: 0
H

1 1 1 1
o = - Hy- B+ - i - P+ - (68)
4 3 3 3
0 0 1 0 1
2 0 0 1 1 0 0 1 1 0 0 O
_3%0100 _g%oooo +}%01oo§_
T 6@0 01 0AT6@0 0 0 O 6@0 0 1 0A"
1 0 0 2 1 0 0 1 0 0 0 1
This is the "nal density matrix, a Werner State, as de ned in Eqn. (28).
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C Tomograph y of Non-Qubit Systems

By making use of the qudit extensionsto the Stokes parameter formalism|
Eqgns. (57{61), we canreconstruct any qudit systemin exactly the samemanner
asqubit systems. For a single particle d-level system, a single Stokesparameter
is dependert on dj 1 independert probabilities, and d + 1 Stokes parameters
are necessanto reconstruct the density matrix.

Multiple-qudit systemscan be reconstructed by using separableprojectors
(Thew et al., 2002) upon which the multiple qudit Stokesparametersare depen-
dent (these dependencieswere laid out in Section 53). Likewise,the following
Section on generaltomography, while speci ¢ to qubits, can be easily adapted
to qudit systems.

D General Qubit Tomography

As discussedearlier, qubit tomography will require 4" j 1 probabilities in order
to de ne a complete set of T; parameters. In practice, this will mean that 4"
measuremets are necessaryin order to normalize cournts to probabilities. By
making projective measuremets on ead qubit and only taking into accourt
thoseresultswherea de nite result is obtained (e.g., the photon wastransmitted
by the polarizer), it is possibleto reconstruct a state using the results of 4"
measuremets.

Our “rst task is to represen the density matrix in a useful form. To this
end, de ne a setof 2" £ 2" matrices which have the following properties:

n 0
Tr jo ¢ =

n (0]
A foTr o ¢A 84 (69)

o

where A is an arbitrary 2" £ 2" matrix. A corveniert set of * matrices to use
are tensor-products of the »matrices usedthroughout this paper:

fo= 2 - %, - 1= % ; (70)

where °© is simply a short-hand index by which to label the ;| matrices (there
are 4" of them) which is more concisethan iy;i,;:::in. Transforming Egn. (35)
into this notation, we nd that

= — oS (71)

Next, it is necessaryto considerexactly which measuremets to use. In par-
ticular, we now wish to determine the necessaryand sutcient conditions on the
4" measuremets to allow reconstruction of any state.® Let jA.i (! = 1to 4")

81f exact probabilities are known, only 4" j 1 measuremerts are necessary However, often
only numbers of counts (successful measuremerts) are known, with no information about the
number of counts which would have been measured by detectors in orthogonal bases. In this
casean extra measuremert is necessaryto normalize the inferred probabilities.
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be the measuremen bases,and de ne the probability of the * th measuremen
asphP:. ~ Mlj%Al'
Combining this with Eqn. (71),
* N . g
iDSOjAli S an BI;O So, (72)
1 °0=1

~ . 1
P1:M112—n

wherethe 4" £ 4" matrix B.. is given by
B1;o = hau j{\oin i (73)

Immediately we 'nd a necessaryand suzcient condition for the completeness
of the set of tomographic statesfj A ig: if the matrix B.o is nonsingular, then
eq.(72) can be inverted to give

o Pi (74)

While this providesan exact solution if exact probabilities are known, it leads
to anumber of dixculties in real systems. First, it is possiblefor statistical errors
to causea set of measuremets to lead to an illegal density matrix. Second,if
more than the minimum number of measuremets are taken and they cortain
any error, they will overde ne the problem, eliminating the possibility of a
single analytically calculated answer. To solve theseproblemsit is necessaryto
analyzethe data in a fundamenally di®erernt way, in which statistically varying
probabilities are assumedfrom the beginning and optimization algorithms nd
the state most likely to have resulted in the measureddata (Section IV.B).

Il Collecting Tomographic Measuremen ts

Before discussingthe analysis of real experimental data, it is necessaryto un-
derstand how that experimental data is collected. This chapter outlines the
experimental implemertation of tomography on polarization entangled qubits
generated from spontaneous parametric downcorversion (Kwiat et al., 1999),
though the techniques for projection and particularly systematic error correc-
tion will be applicableto many systems. We Tter thesephoton pairs using both
spatial Tters (irises usedto isolate a speci ¢ k-vector, necessarybecauseour
states are angle-degendert) and frequency Tters (interference lters, typically
5{10 nm wide, FWHM).

After this initial Ttering, measuremen collection involvestwo certral issues:
projection (into an ideally arbitrary range of states) and systematic error cor-
rection (to compensatefor any number of experimental problems ranging from
imperfect optics to accidertal coincidences).
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A Pro jection

Any tomography, in fact any measuremen on a quantum system, depends on
state projection; for the purposesof this chapter, theseprojections will be sefa-
rable While tomography could be simpli'ed by using arbitrary projectors (e.g.,
joint measuremets on two qubits), this is experimentally dixzcult. We therefore
focus on the ability to create arbitrary single-qubit projectors which will then
be easily chained together to create any separableprojector.

1 Arbitrary  Single-Qubit Pro jection

An arbitary polarization measuremen and its orthogonal compliment can be
realized using, in order, a quarter-wave plate, a half-waveplate, and a polarizing
beam splitter. Waveplatesimplement unitary operations, and in the Poincar§
spherepicture, act as rotations about an axis lying within the linear polariza-
tion plane (the equator) (Born and Wolf, 1987). Speci cally, a waveplate whose
optic axisis oriented at angle p with respect to the horizontal inducesa rotation
on the Poincar® sphereabout an axis 2u from horizontal, in the linear plane.
The magnitude of this rotation is equal to the waveplate's retardance (90* for
quarter-wave plates and 180" for half-wave plates). For the remainder of this
chapter we adopt the convertion that polarizing beam splitters transmit hori-
zontally polarized light and re°ect vertically polarized light[though for some
typesthe roles are reversed.

This analysis, while framed in terms of waveplates acting on photon po-
larization, is directly applicable to other systems,e.g., spin-% particles (Cory
et al., 1997; Joneset al., 1997; Weinstein et al., 2001; La°amme et al., 2002)
or two-level atoms (Monroe, 2002; Schmidt-Kaler et al., 2003). In these sys-
tems, measuremets in arbitrary basesare obtained using suitably phased¥a
and %‘-pulses (externally applied electromagnetic elds) to rotate the state to
be measuredinto the desiredanalysis basis.

To derive the settings for these waveplates as a function of the projection
state desired, we usethe Poincar§ sphere(seeFigure 3). For any state on the
surface of the sphere,a 90* rotation about a linear axis directly below it will
rotate that state into a linear polarization (seeFigure 3b). Assumethe desired

projection state is
poa BT -
iApi = cos ‘—21 iHi + sin g eAjvi: (75)

Simple coordinate transforms from sphericalto cartesiancoordinates reveal that
a quarter-waveplate at pow p = %acosf sin(wtan (A)g will rotate the projection
state (75) into a linear state

5 uuoﬂ uuoﬂ
jASi = cos > jHi + sin 5 jVi: (76)

A half-waveplate at %po (with respect to horizontal orientation) will then rotate
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this state to jHi.° Finally, the PBS will transmit the projected state and re°ect
its orthogonal complimert.

Mathematically, this processof rotation and projection can be described us-
ing unitary transformations. The unitary transformations for half- and quarter-
waveplatesin the H/V basisare

cof(M) i sind(W)  2cossin(y)
2cosf)sin(l)  sin?(W) | coF(W)

coS (W) + isin*() (1i i)cos(Wsin(y) * . (77)
(1i i)cog(Wsin(y) sin*(y) + icos (W)

with p denoting the rotation angle of the waveplate with respect to horizontal.
Assumethat during the courseof a tomography, the °" measuremen setting
requiresthat the QWP be setto powp o and the HWP to puwe o . Therefore,
the total unitary 1° for the °™ measuremen setting will be

Unwe ()

Uow p (1)

Uo = Unwe (Hwp  )Uqwe (Howp »): (78)
For multiple qubits, we can directly combine these unitaries sud that
Uoleo-ZUO- - nUO; (79)

where 9U. denotesthe g qubit's unitary transform due to waveplates. The
total projection operator for this systemis therefore h0jU. , where Qi is the “rst
computational basisstate (the state which passesthrough the beamsplitters|
most likely jHi for ead qubit). The measuremen state (the state which will
passthrough the measuremeh apparatus and be measuredevery time) is there-
fore UJjOi.

Of course, these calculations assumethat we are using waveplates with re-
tardancesequalto exactly %or % (or Rabi pulsesproducing perfect phasedi®er-
ences). Imperfect yet well characterized waveplateswill lead to measuremets
in slightly di®eren, yet known, bases. This can still yield an accurate tomog-
raphy, but “rst theseresults must be transformed from a biasedbasisinto the
canonical Stokes parametersusing Eqn. (21). As discussedbelow (seeSection
I11), the maximum likelihood technique provides a di®erert but equally e®ective
way to accomalate for imperfect measuremets.

2 Comp ensating for Imp erfect Waveplates

While the previous Section shows that it is possibleusing a quarter- and half-
waveplate to project into an arbitrary single qubit state, perfect quarter- and
half-waveplatesare experimentally impossibleto obtain. More likely, the exper-
imenter will have accesgo waveplateswith known retardancesslightly di®erert

90 = acosfsin(Wtan( A)g j acosf cot(p)cot(A)g. In practice, care must be taken that
consistent conventions are used (e.g., right- vs. left-circular polarization), and it may be
easier to calculate this angle directly from waveplate operators and the initial state.

10Note the order of the unitary matrices for the HWP and QWP . Incoming light encounters
the QWP “rst, and therefore Ugwp is last when dening Uo .
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Figure 3: A quarter-waveplate (QWP), half-waveplate (HWP), and polarizing
beam splitter (PBS) are usedto make an arbitrary polarization measuremen
Both a diagram of the experimental apparatus (a) and the step-by-step ewvolution
of the state onthe Poincar§ sphereare shown. (b) The quarter-waveplate rotates
the projection state (the state we are projecting into, not the incoming unknown
state) into the linear polarization plane (the equator). (c) The half-waveplate
rotates this linear state to horizontal. The PBS transmits the projection state
(now jHi) and re°ects its orthogonal compliment (now jVi), which can then
both be measured.

than the ideal values of % (HWP) and %‘ (QWP). Evenin this case,it is often
possibleto obtain arbitrary single-qubit projections. (Note that this is the sec-
ond solution to the problem of imperfect waveplates. Imp erfect waveplatescould
be usedat virtually any anglesduring a tomography|suc h asthe sameangles
at which perfect waveplateswould be usedto measurein the canonical basis|
resulting in a set of biased bases. The tomography mathematics have already
beenshawn to function for either mutually biasedor unbiasedbases,aslong as
the set of basesis complete. In cortrast, this sectiondescribeshow| evenusing
imperfect waveplategone canstill measurein the canonical, mutually unbiased
bases.)

Analytically "nding the angles where this is possible provesto be incon-
veniernt and, for some waveplates, impossible. Rather than solve a system of
equations basedon the unitary waveplate matrices, we will examine the e®ect
of thesewaveplatesgraphically using the Poincar§ sphere. For the remainder of
this discussion,we will assumethat the experimenter has accessto two wave-
plates, WP ; and WP, which will respectively take the place of the QWP and
HWP normally presert in the experimental setup. We constrain the retardances
of thesewaveplatesto be0- A; - Ay - Y

In order to project into an arbitrary state jAi, WP, and WP, must together
rotate the state jAi into the state jHi (assuminga horizontal polarizer is used
after the waveplates|an y linear polarizer is equivalent). Taking a piecewise
approad, rst considerwhich states are possibleafter acting on the input state
jAi with WP,. Figure 4a shows seeral example caseson the Poincar§ sphere,
ead resulting in curved band of possiblestatesthat can be reached by varying
the orientation of WP ;. Next considerwhich states could be rotated by WP,
into the target state jHi. Figure 4b shows seweral examples of these states,
which alsotake the form of a curved band, traversedby varying the orientation
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of WP,. In order for state jAi to be rotatable into state jHi, thesetwo bands
of potential states (shown in Figures 4a and 4b) must overlap.

Brie°y examining the geometry of this systemit appearsthat for most states
this will be possibleaslong asthe waveplate phasesdo not di®ertoo much from
the ideal HWP and QWP. Further consideration revealsthat it is sutcient to
be able to project into the states on the H-R-V-L great circle. There are two
conditions under which this will not occur. First, if WP is too closeto a HWP,
with WP, far from a QWP, the statesat the poles(closeto jRi and jLi) will be
unreachable from jHi (seeFigure 4c). Quantifying this condition, we require
that S, - ]

2_5 i A Y Ao (80)
Put another way, the error in the QWP must be lessthan half the error in the
HWP. Second,the combined retardancesfrom both waveplates can be insuz-
ciernt to reach jVi (seeFigure 4c):

A]_ + Az s Yi (81)

Giventhesetwo conditions, numerical simulations con rm that arbitrary single-
qubit projectors can be constructed with two waveplates.

To clarify, as discussedin the previous section, one does not require arbi-
trary single-qubit projectors, since an accurate tomography can be obtained
with any set of linearly independert projectors as long as they are known. In
fact, one advantage to this approac is that the exact sametomography mea-
suremen system can be usedon photons with di®erent wavelengths (on which
the waveplates' birefringent phaseretardancesdepend), simply by entering in
the analysis program what the actual phaseretardancesare at the new wave-
lengths (Peters et al., 2005).

Wedged Waveplates It is an experimental reality that all commercially
available waveplates have somedegreeof wedge (i.e., the surfacesof the wave-
plate are not parallel). This leadsto a number of insidious di+culties which the
experimenter must confront, grouped into two categories: (1) The thicknessof
the waveplate will changealongits surface,providing a corresponding changein
the phaseretardance of the waveplate. This meansthat during a tomography
when the waveplate is routinely rotated to di®eren orientations, its total phase
after rotation will changeaccordingto a much more complexjand often very
dizcult to calculate|form ula. (In fact, if a large collection aperture is used,
then di®erer parts of the beamwill experiencedi®erert phaseshifts.) (2) The
direction (k-vector) of a beamwill be de°ected after passingthrough a wedged
waveplate. This de°ection will again depend on waveplate orientation, there-
fore changing throughout a tomography. This can have the e®ectof changing
detector exciencies (if, asin our case,a lensis usedto focusto a portion of
a very small detector area, di®erert piecesof which have di®erert etciencies).
This de®ection will also a®ectany interferometric e®ectsthat depend on the
beam direction being stable under waveplate rotation. Someof these problems
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Figure 4: Possibleprojectors simulated by waveplatesand a stationary polarizer,
graphically shavn on Poincar§ spheres.(a) WP 1, depending on its orientation,
canrotate anincoming state into a variety of possibleoutput states. Showvn here
on three Poincar§ spheresare an initial incoming state (repesened by a solid
dot) and the set of all output statesthat WP, canrotate it into (represened by
a dark band on the surfaceof the sphere) Fron}tleft to rlght t@e spheresdepict
jRi transformed bya -waveplate, j°i = cos 2 jHi+isn % & Vi transformed
by a Z-waveplate, andj i transformed by a 2/gwaveplate. (b) WP, depending
onits orlentatlon canrotate a variety of statesinto the target state jHi. Showvn
here from left to right are the states able to be rotated into jHi by a L%-
waveplate, a 2*-waveplate, and a %-waveplate. (c) The possible prOjectors
able to be produced by two Waveplates and a horizontal polarizer. A seriesof
arcs blanketing the Poincar® sphereshow the areasof the sphererepresering
acheivable projectors for ead waveplate conbination. From left to right, the
spheresshaw the states (in this case,all of them) accessibldrom an ideal QWP
and HWP, the states accessibleusing %- and 1L-waveplates (groups of states
near the poles are inaccessible),and the states accessibleusing 3 % and 31/“
waveplates(states on the equator are inaccessible).Note that the spheressh(wn
in (c) arenot simply combinations of the spheresaboveit, but include retardance
valueschosento illustrate the possiblefailure modesof imperfect waveplates.
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can be mitigated (e.g., by taking care to passthrough the exact certer of the
waveplate), but in generalthe best solution is to select waveplates with faces
very closeto parallel.

3 Multiple-Qubit  Pro jections and Measuremen t Ordering

For multiple-qubit systems,separableprojectors can be implemented by using
in parallel the single-qubit projectors described above. This, by construction,
allows the implemertation of arbitrary separableprojectors.

In practice, depending on the details of a speci ¢ tomography (see Section
V for a discussionof how to choosewhich and how many measuremets to use),
multiple-qubit tomographies can require a large number of measuremets. If
the time to switch from one measuremen to another varies depending on which
measuremets are switched between (as is the casewith waveplates switching
to di®erert valuesfor eat projector), minimizing the time spent switching is
a problem equivalert to the travelling salesmanproblem (Cormen et al., 2001).
A great deal of time can be saved by implemerting a simple, partial solution
to this canonical problem (e.g., a genetic algorithm which is not guaranteed to
“nd the optimal solution but likely to 'nd a comparably good solution).

B n vs. 2n Detectors

Until now, this chapter has discussedthe useof an array of n detectorsto mea-
sure a single separableprojector at a time. While this is conceptually simple,
there is an extensionto this technique which can dramatically improve the ef-
“ciency and accuracy of a tomography: using an array of 2n detectors, project
every incoming n-qubit state into one of 2" basisstates. This is the generaliza-
tion of simultaneously measuringboth outputs in the single-qubit case(the two
detectors usedfor single-qubit measuremen are shavn in Figure 3a), or all four
basis states (HH, HV, VH, and VV) in the two-qubit case;in the general case
2n detectors will measurein n-fold coincidencewith 2" possibleoutcomes.

It should be emphasizedthat theseadditional detectorsare not some’trick’,
e®ectiely masking a number of sequettial settings of n detectors. If only n de-
tectors are used, then over the courseof a tomography most memberscomprising
the input ensenble will never be measured. For example,considermeasuringthe
projection of an unknown state into the jOOi basis using two detectors. While
this will give somenumber of counts, unmeasuredcoincidenceswill be routed
into the jO1i;j10i; and j11i modes. The information of how many coincidences
are routed to which mode will be lost, unlessanother two detectorsare in place
in the "1' modesto measureit.

Returning to the notation of Sectionlll.A, recall that the state which passes
through every beamsplitter is UJj0i, but when 2n detectors are employed, the
statesUZjri canall be measured,wherer rangesfrom Oto 2" j 1andjri denotes
the r'" elemen of the canonical basis (the canonical basis is chosen/enforced
by the beamsplitters themselhes).
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Example 11. The jri Notation for Two Qubits. For two qubits each
incident on seprate beamsplitters which transmit jHi and re°ect jVi, we can
de ne the following valuesof jri, the canonical basis:

jOi © jHHI; N7 jHVIE: j2i C jVHI; j3i 7 jVVi: (82)

The usefulnessof this notation will become apparent during the discussion of
the Maximum Likelihood algorithm in Section 1V.B.

The primary advantageto using 2n detectorsis that every setting of the anal-
ysis system (every group of the projector and its orthogonal complimerts) gen-
erates exactly enoughinformation to determine a single multiple-qubit Stokes
vector. Expanding out the probabilities that a multiple-qubit Stokes vector
(which for now we will limit to those with only non-zeroindices) is basedon,

3 - 3 4 | ¢
= Pai Paz - P&i Paz - - PAi Pa
= PA1;A2;:::A 0 i F)Al;Az;:::Ah7 i 1118 I:)lf\f A2 A ; (83)
where the sign of eadh term on the last line is determined by the parity of the
number of orthogonal (?) terms.

These probabilities are precisely those measuredby a single setting of the
ertire analysissystemfollowed by a 2n detector array. Returning to our primary
decomposition of the density matrix from Eqn. (35),

Po= — Sijigein P - Y- - P

i1;i2; =0

we once again needonly determine all of the multiple-qubit Stokesparameters
to exactly characterize the density matrix. At rst glancethis might seemto
imply that we needto use4" j 1 settings of the analysissystem,in order to 'nd
While this is certainly suxcient to solve for 2 many of thesemeasuremets
areredundart. In order to choosethe smallest possiblenumber of settings, note
that the probabilities that constitute some multiple-qubit Stokes parameters
overlap exactly with the probabilities for other multiple-qubit Stokes param-
eters. Speci cally, any multiple-qubit Stokes parameter with at least one 0
subscript is derived from a set of probabilities that at least one other multiple-
qubit Stokesvector (with no 0 subscripts) is also derived from. As an example,

considerthat
So:3 = Pjooi i Pjori + Pjioi i Pj1ais (84)

while
S3:3 = Pjooi i Pjo1i i Pjioi + Pj1ai: (85)

Thesefour probabilities, measuredsimultaneously, will provide enoughinforma-
tion to determine both values. This dependert relationship between multiple-
qubit Stokesvectorsis true in general,ascan be seenby returning to Eqn. (83).
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Each subscript with non-zerovatue for S cortributes aterm to the tensor prod-
uct on the right that looks like Pg, i Pg> - Had there3 been subscripts with

value zero, however, they ead would have contributed a Px, + PA; term; as

an aside,terms with zero subscripts are always dependert on terms will all pos-
itiv e subscripts. This reducesthe minimum number of analysissettingsto 3", a
huge improvemen in multiple qubit systems(e.g., 9 vs. 15 settings for 2-qubit
tomography, 81 vs. 255 for 4-qubit tomography, etc.). Note that, asdiscussed
earlier, this bene't is only possibleif one employs 2n detectors, leading to a
total of 6" measuremets (2" measuremets for eah of 3" analysis settings).!!
BecauseEqn. (42) can be usedto transform any set of non-orthogonal
multiple-qubit Stokes parametersinto the canonical form, orthogonal measure-
ment setsneednot be used. One advantage of the option to usenon-orthogonal
measuremen setsis that an orthogonal set may not be experimentally acheiv-
able, for instance, dueto waveplate imperfections,asdiscussedn Sectionl|1.A.2.

C Electronics and Detectors

Single photon detectors and their supporting electronicsare crucial to any pho-
tonic tomography. Figure 5 shows a simple diagram of the electronics used
to count in coincidencefrom a pair of Si-avalanche photodiodes. An electrical
pulse from a single-photon generatedavalanche in the Silicon photodiode sends
a signal to a discriminator, which, after receiving a pulse of the appropriate
amplitude and width, producesin a fan-out con guration sewral TTL signals
which are fed into the coincidencecircuitry. In order to avoid pulse relections,
a fan-out con guration is usedin preferenceto repeatedly splitting one signal.

The signals from these discriminators represert physical counts, with the
number of discriminator signals sert to a detector equal to the singlescounts
for that detector. A copy of this signal, after travelling through a variable length
delay line, is input into an AND gate with a similar pulse (with a static delay)
from a complimentary detector. The pulsessert from the discriminators are
variable width, typically about 2 ns, producing a 4-ns window in which the
AND gate can produce a signal. (The coincidencewindow is chosento be as
small as corveniertly possible,in order to reduce the number of \accidental"
coincidences,discussedbelow.) This signal is also sert to the courters and is
recordedas a coincidencebetweenits two parent detectors.

As with any systemof this sort, the experimenter must be wary of re°ected
pulses generating false courts, delay lines being properly matched for correct
AND gate operation, and system saturation for high court rates.

11These measuremerts, even though they result from the minim um number of analysis
settings for 2n detectors, are overcomplete. A density matrix hasonly 4" i 1 free parameters,
which implies that only 4" j 1 measurements are necessary to specify it (see n-detector
tomography). Becausethe overcomplete set of 6" measuremerts is not linearly independent,
it can be reduced to a 4" | 1 element subset and still completely speci'y an unknown state.
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Figure 5: A simple diagram of the electronicsnecessaryto operate a coincidence-
basedphoton courting circuit. While this diagram depicts a two-detector court-

ing circuit, it is easily extendible to multiple detectors; by adding additional

detectors eat fed into a discriminator and a fan-out, we gain the signals nec-
essaryfor one singlescourter per detector and an AND gate for ead pair of
detectors capable of recording a coincidence.

D Collecting Data and Systematic Error Correction

The projection optics and electronics described above will result in a list of
coincidencecourts ead tied to a single projective measuremeh Incorporating
the projectors de ned earlier in this section, we can now make a rst estimate
on the number of courts we expect to receiwe for a given measuremen of the
state %%

n 0
loTr Mo, % ;

YiritrjUo : (86)

ho;r
Mo;r

Our evertually strategy (seeSectionlV.B) will beto vary Y.until our expecta-
tions optimally match our actual measuredcourts. Here b, is the expectation
value of the number of courts recordedfor the ° measuremen setting on the
rth pair of detectors (this is the pair of detectorswhich projects into the canon-
ical basis state jri). The density matrix to be measuredis denoted by »and
lo is a constart scaling factor which takesinto accourt the duration of a mea-
suremert and the rate of state production. Note that regardlessof whether n
or 2n detectors are used, eat distinct measuremen setting will be indexed by
°. For n detectors, there will be a single value of r for ead value of °, as eah
measuremen setting projects into a single state. For 2n detectors, there will be
2" valuesof r, onefor eat pair of detectors capableof registering coincidences.

Throughout this Section we will modify formula (86) to give a more com-
plete estimate of the expected count rates, taking into accourt real errors and
statistical deviations. In particular, without adjustment, the expected coinci-
dencecounts will likely be inaccurate without adjustment due to experimental
factors including accidertal coincidencesjmperfect optics, mismatched detector
exciencies, and drifts in state intensity. Below we will discussead of thesein
turn.

32



1 Acciden tal Coincidences

In general, the spontaneous generation of photon pairs from downcorversion
processeganresult in seweral pairs of photons being generatedat the sametime.
These multiple-pair generation events can lead to two uncorrelated photons
being detected as a coincidence,which will tend to raise all measuredcounts
and leadto state tomographiesresulting in statescloserto the maximally mixed
state.'?

We can model these accidertal coincidencesfor the two-qubit caseby con-
sidering the probability that any given singlescount will be detectedduring the
coincidencewindow of a conjugate photon. This model implies that the acciden-
tal coincidencesfor the °'" measuremen setting on the r' detector pair (ngs®)
will be dependert on the singlestotals in eah channel (1So., and ?S..), the
total coincidencewindow (¢ t,, approximately equal to twice the pulse width
producedby the discriminators'®), and the total measuremen time (T.). When
the singleschannelsare far from saturation (1?280;r € tgead ¢, To, Where € tgead
is the deadtime of the detectors,i.e., the time it takesafter a detector registersa
singlescount beforeit canregister another), the percertage of time that a chan-

nel is triggered (able to produce a coincidence)is approximated by 1237‘“
The probability that the other channel will produce a coincidencewithin this
time (again in the unsaturated regime) is proportional to the singlescounts on
that channel. This allows us to approximate the total accidentals as

lSO;r 2SU;|— ¢ tr .
To ’

accid
No.p ™ '

(87)

implying that n o

oy = loTr Ny % + n2sid: (88)
Becausethe accidenal rate will be necessaryfor analyzing the data, these ex-
pected accidertal counts will needto be calculated from the singlesrates for
ead measuremeh and recorded along with the actual measured coincidence
courts.

2 Beamsplitter Crosstalk

In most experimental implementations, particularly those involving 2n detec-
tors, the polarizer usedfor single-qubit projection will be a beamsplitter, either
basedon dielectric stacs, or crystal birefringence. In practice, all beamsplitters

12There is also a similar but generally smaller contribution from one real photon and a
detector noise count, and a smaller contribution still from two detector noise counts.

131f the pulses are not square, or the AND logic has speed limitations, this approximation
may become inaccurate.

141t is advisable to initially experimentally determine ¢ t, by directly measuring the acci-
dental coincidence rate (by intro ducing an extra large time delay into the variable time delay
before the AND gate, shown in Figure 5), and using Eqn. (87) to solvefor ¢ t;. This should be
done for every pair of detectors, and ideally at seweral count rates, in casethere are nonlinear
e®ectsin the detectors.
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function with somelevels of crosstalk and absorption, i.e., some probability of
re°ecting or absorbing the polarization which should be transmitted and vice
versa. By measuring these crosstalk probabilities and adjusting the measured
courts accordingly, it is possibleto recreatethe approximate measuremen val-
uesthat would have resulted from a crosstalk-freesystem.

We cancharacterizea beamsplitter using four numbersGo, ; which represern
the probability that state r®will be measuredas state r.

Example 12. A Faulty Beamsplitter.  Assume that we have measured a
beamsplitter which transmits 90% and absorbs10% of incident horizontal light
(state 0), while re°ecting 80% and transmitting 10% of vertical light (state 1).
We would therefore use

Gro = 09

Gi1 = 0

Gio = 01

G 1 = 08 (89)

to characterize the behavior of this beamsplitter.

Example 13. Tw o-Qubit Crosstalk. Considertwo faulty beamsplitters iden-
tical to the one presente in Example 12, with crosstalk coetcients C%, , and
CEB, ,. Assuming that we label the two qubit canonical basisjri asjoi =~ jHHi,
jli ~ jHVi, j2i © jVHi, and j3i © jVVi, we can derive the geneal two-qubit
crosstalk coetcients C,o , by multiplying the single-qubit crosstalk coexcients,

according to the rule:
Cra+r2) @ra+rs) ’ Cﬁgg ra Cng! rg - (90)
Thus, the total crosstalk matrix will be

00 10 20 3
0 1
0 081 009 0:.09 001
1% 0 072 0 008k
2@ o 0 072 0:08A"
3 0 0 0 064

!
|

Cro ¢ ’ , (91)
!

If we use this notation to modify Eqgn. (88) for predicted counts, we nd
that

n ) _
Boy = loTr Moy + ngscd

X
I\ﬁ";r ’ (Cro ) Moo (92)

ro

3 Detector-P air Exciency Calibration

Becausesingle-photondetectorswill in generalhave di®erent exciencies,it may
be necessaryto measurethe relative exciencies of any detector pairs usedin
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the course of a tomography. For the n-detector case,this is unnecessary as
all recorded courts will be taken with the same detectors and scaled equally.
For the 2n-detector con guration, this can be a noticeable problem, with eadh
of the n? measuremen basesusing a di®eren combination of detectors, with
a di®erert total coincidenceezciency. By measuringthe relative exciencies of
ead combination, it is possibleto correct the measuredcourts by dividing them
by the appropriate relative exciency.

Note that it is not necessaryto know the absolute etciency of ead detec-
tor combination, but only the relative etciencies. Knowing only the relative
excienciesleavesa single scaling factor that is applied to all counts, but asthe
error on a set of counts is dependert on the measured courts, rather than the
total number of incident states, this ambiguity doesnot a®ectthe tomography
results.

The tomography processitself may be usedto corveniertly determine the
full set of relevent relative etciencies. By performing enough measuremets
to perform an n-detector tomography while using 2n detectors, it is possible
to perform a tomography for each detector combination, using only the results
of that detector combination's measuremets. Each of these setswill be sut-
cient to perform a tomography, and the tomography algorithm (seeSection V)
will necessarilydetermine the total state intensity. The ratios between these
state intensities (one for eat detector combination) will provide the relative ef-
“ciencies of ead detector combination. In the two-qubit case,this meansusing
four detectors and 36 measuremeh settings, for a total of 144 measuremets to
calibrate the relative exciencies.

In order to cortinue to update our equation for f..., we de ne an etciency
E. which describesthe relative e+ciency of the r!" detector combination. This
allows us to correct our previous equation to

n o]
Bo.r = 10EQE, Tr Mo, % + nded; (93)

whereEg is a constart scalar, which combined with the easierto measurerelative
exciency E;, givesthe absolute exciency of ead detector pair.

4 Intensit y Drift

In polarization experimens based on downcorversion sources,a major cause
of error can be drift in the intensity (or direction) of the pump, which causes
a drift in the rate of downcorversion and therefore state production. If this
intensity drift is recorded,then the prediction of the expected number of counts
can be adjusted to accourt for this additional information. Alternativ ely, if 2n
detectors are used, the sum of the counts from ead of the detectors will auto-
matically give the normalized intensity for eady measuremen setting, sincethe
sum of the courts in orthonormal basesmust add up to the total counts (assum-
ing no state-dependen losses,e.g., in the polarizing beamsplitters). However,
when summing the counts from a complete basis like this, the measuremets
must be taken at the sametime, and the summedcounts must take other sources
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of error, like detector inexciency, accidertal courts, and beamsplitter crosstalk
into accoun.

By whatever method it is measured, assumethat the relative size of the
ensenble subject to the ° measuremen setting is given by l.. Then

n 0
Ror = IgEglo E,Tr Mo;r% + ng(;:rud: (94)

Now it becomesclear that | is the factor (not necessarilythe total number of
pairs produced) which, combined with the relative exciency |., givesthe total
number of incident states for the °" measuremen setting.

IV Analyzing Exp erimental Data

As discussedearlier, any real experiment will contain statistical and systematic
errors which preclude the use of the ideal tomography described in Section 1.
Instead, it is necessaryto usean algorithm (the Maximum Lik elihood technique)
which assumessomeuncertainty or error in measuremen results, and returns a
state which is the most likely to have produced the measuredresults.

In order to describe real tomography, we will "rst discussthe typesof errors
which are presert in an experiment, the Maximum Likelihood algorithm, and
some details of the optimization of the ertire processusing numerical seart
technigues. We “rst list the information that should have beengathered during
the experimental phase of the experiment, followed by the formulae used to
determine the expected number of measuredcourts for the °" measuremen
setting on the r'" detector combination:

Uo Measuremen settings
No. Counts recorded
ndscd  Accidental courts

Go Crosstalk coexcients
E, Relative exciencies

lo Relative intensities

(not usedwith 2n detectors)

n [0}
Boy * 1oEole ErTr Moy %2 + ngscid

P
Mo, o(Cror 1) Moo

MO;r ’ Ué’]rlh’juo
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Given this information, we are be able to numerically estimate which state was
most likely to return the measuredresults. Note that the relative intensities
l. are optional, can can be included for an n-detector tomography. For a 2n
detector tomography, the | parameterswill bevaried aspart of the optimization
algorithm, and do not needto be provided as part of the experimental data.

A Typesof Errors and State Estimation

Errors in the measuremen of a density matrix fall into three main categories:
errors in the measuremenh basis, errors from courting statistics, and errors
from experimental stability. The rst problem can be addressedby increasing
the accuracy of the measuremeh apparatus (e.g., obtaining higher tolerance
waveplates, better cortrolling the Rabi pulses,etc.) while the secondproblem
is reducedby performing eadh measuremen on a larger ensenble (counting for
a longer time). The "nal dizcult y is drift which occurs over the courseof the
tomography.'® This drift occurs either in the state produced or the exciency
of the detection system, and can constrain the data-collection time. Figure 6a
shows what a basiserror looks like on the Poincar§ sphereand how that error
a®ectsthe ability to isolate a state in Poincar§ space. This picture indicates
that a basiserror is more pronouncedwhen measuringa pure state, but actually
has no e®ectwhen measuring a totally mixed state (becauseall basesgive the
sameanswer).

Figure 6b shows the same analysis of errors in courting statistics. Any
real measuremeh can only be carried out on a limited size ensenble. Though
the details of the statistics will be dealt with later, the detection everts are
accurately described by a Poissoniandistribution, which for large numbers of
courts is well approximated by a Gaussian distribution. This will causethe
resultant knowledge about the unknown state to change from a plane (in the
exact case)to a thick disk (uniformally thick for pure and mixed states), a
one-dimensionalGaussiandistribution plotted in three-dimensional space.

After all sourcesof error aretakeninto accoun, a single measuremen results
in adistribution over all possiblestatesdescribingthe experimenter's knowledge
of the unknown state. This distribution represerts the likelihood that a par-
ticular state would give the measuredresults, relative to another state. When
independert measuremets are combined, these distributions are multiplied,
and ideally the knowledge of the unknown state is restricted to a small ball in
Poincar§ space,similar to a three-dimensional Gaussian(as a large uncertainty
in any one direction will lead to a large uncertainty in the state). State iso-
lation occurs regardlessof which measuremets are taken, as long as they are
linearly independert, and is shavn graphically in Figure 7 for a set of orthogonal
measuremets.

15These are the main sources of error that are likely to be present to some degree in any
qubit implementation. In addition, each implementation may have its own unique errors,
such as the wedged waveplates described earlier or accidental background counts from noisy
detectors. Here we neglect such system-speci ¢ ditculties.
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Figure 6: Graphical represettation of errors in a single-qubit tomography. (a)
Basis errors. Errors in the setting of measuremen apparatus can result in an
accurate measuremen being taken in an unintended basis. Shovn graphically
is the e®ectthat an uncertainty in the measuremeh basis can have on the
reconstruction of a state. Instead of a single axis on the Poincar§ sphere, the
possiblemeasuremen axesform uncertainty conestouching at the certer, since
all possiblemeasuremen axespassthrough the origin. This uncertainty in axis
is then translated into an uncertainty in the state (shown on the right). Instead
of isolating the state to a plane, all possiblemeasuremeh axestrace out a volume
with large uncertainty near the surface of the sphereand low uncertainty near
the certer. (b) Counting errors. Even if the measuremeh basis is exactly
known, only a limited number of qubits can be measuredto gain an estimate
of a state's projection onto this axis (taken directly from the probability of a
successfulmeasuremer). This uncertainty results in an unknown state being
isolated to a one-dimensional gaussian (approximately) in three-dimensional
space,rather than to a plane.

Figure 7: Isolation of a quantum state through inexact measuremets. Al-
though a seriesof real measuremets (those with uncertainties) will never be
able to exactly isolate an unknown quantum state, they can isolate it to a re-
gion of Hilbert spacethat is far more likely than any other region to contain
the unknown state. Consider a seriesof three measuremets, ead cortaining
courting errors, along orthogonal axes. From left to right, the area of Hilb ert
spacecontaining the unknown state is truncated from a one-dimensionalGaus-
sian probability distribution (the disk in the left "gure) to a two-dimensional
Gaussian(the cylinder in the middle "gure) and nally to a three-dimensional
Gaussian(the ball in the right “gure). This results in an “error ball' which ap-
proximates the position of the unknown state. The global maximum, however,
can often be outside allowed Hilb ert space(outside the Poincar§ sphere), which
is onereasona maximum likelihood technique must be usedto seard over only
allowed quantum states.
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In cortrast to the ideal casein the previous section, for which the accuracy
of a reconstructed state did not depend on whether mutually unbiasedmeasure-
ments were made, with real measuremets the advantage of mutually unbiased
measuremeh basesbecomesclear. In cortrast to the measuremets shawn in
Figure 7, mutually biased measuremets result in a non-symmetric error ball,
increasingthe error in state estimation in one direction in Hilb ert space.

Even after tomography returns a distribution of likelihood over Poincar§
space,one nal problem remains. It is very possible,especially with low courts
or with the measuremen of very pure states, that state estimation will return
an \illegal" state. For example, in Figure 7, the measuremerts seemto place
the error ball just on the edgeof the sphereand slightly outsideit. As all legal
stateshave a radius of lessthan or equalto onein Poincar§ space,it is necessary
to 'nd away to return the most likely legitimate state reconstructed from a set
of measuremets.

B The Maxim um Lik eliho od Technique

The problem of reconstructing illegal density matrices is resolved by selecting
the legitimate state most likely to have returned the measuredcounts (James
et al., 2001; Hradil and Rehacek, 2001). In practice, analytically calculating
this maximally likely state is prohibitiv ely ditcult, and a numerical seard is
necessary Three elemerts are required: a manifestly legal parametrization of a
density matrix, a likelihood function which can be maximized, and a technique
for numerically "nding this maximum over a seard of the density matrix's
parameters.

The Stokesparametersare an unacceptableparametrization for this seard,
as there are clearly combinations of these parameterswhich result in an illegal
state (e.g.,, S;1 = S; = Sz = 1). In this context, a legitimate state refersto a
non-negative de nite Hermitian density matrix of trace one. The property of
non-negative de niteness for any matrix G is written mathematically as

PAJGAI . 0 8jAi: (95)

Any matrix that can be written in the form & = TYT must be non-negative
de nite. To seethat this is the case,substitute into eq.(95):

PAjTYTjAi = MYAY | 0o (96)

wherewe have de ned jA% = TjAi. Furthermore (TYT)Y = fy(fv)yy = f¥yf, ie.,
G = YT must be Hermitian. To ensurenormalization, one can simply divide
by the trace. Thus the matrix § given by the formula

g= Tvf=Tri fvfyg (97)

has all three of the mathematical properties required for density matrices.
For the one-qubit system,we have a 2£ 2 density matrix with 3 independert
real parameters(although we will seard over 4in orderto 't the intensity of the
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data). Sinceit will be usefulto be able to invert relation (97), it is corveniert
to choosea tri-diagonal form for T

H t Oﬂ

ta+ ity to ;

()= (98)

where t is a vector cortaining ead t;. The multiple-qubit form of the same
equation is given by:
0 1
t1 0 e 0
_ tonsg +itonap to Tl 0 §
f(r)_% i D D 0 A (99)

t4ni1+it4n t4ni3+it4ni2 t4ni5+it4ni4 ton

The manifestly “physical' density matrix %% is then given by the formula
(t) = TYO)TE)=Tri TYt)T(t)g: (100)

This satis es the rst criterion for a successfuimaximum likelihood seard,
by providing an explicitly physical parametrization for 2 The secondcriterion,
a likelihood function, will in generaldepend on the speci ¢ measuremen appa-
ratus usedand the physicalimplementation of the qubit (asthesewill determine
the statistical distributions of courts, and therefore their relative weightings).
If we assumeGaussiancourting statistics, then we can easily provide a suitable
likelihood function.

Let no., be the result for the ot measuremen setting on the r'" detector
combination. Let .., be the courts that would be expected from the state %2
given all information about the system:

n (0]
o~ 1oEoloE,Tr Mo, % + n3ecd (101)
X
M";r ’ (Cro! r)'vr";r0 (102)
(o
Moy = UdjrifrjUs: (103)

Given that we wish to seard over the parametersof t, rather than %% we will
rewrite this equation as

" a0
ho;r = loE,Tr Mo;rfylt. .ﬁlt_ + ngg:rcld: (104)

Notice that thef l¢nkri10\ﬁ_/n scalarslo and Ey have been absorbed into the un-
normalized T¥Y 't T 't , allowing our numerical seart to discover what their
combined e®ectis without ever knowing their individual values.
Giventhesede nitions, the probability of obtaining the °™ measuremen on
the r'!" set of detectors, no., , from the seardh parameterst is proportional to

C(Boy n";r)z’_

exp | 292, ’ (105)
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where % .. is the standard deviation of the oth measuremen (given approx-
imately by = Bo,). Therefore, the total probability of %2yielding the counts
fne. g is given by:

1 Y . flor i Noy)2’
exp | (o i Mo
Norm . 280,

P (Noy) = (106)

where Norm is the normalization constart. In order to nd the ideal t, and
therefore the ideal ¥; we needto maximize the probability function above. This
is equivalent to maximizing the log of the samefunction, or equivalertly, min-
imizing its negation, giving us our nal likelihood function (notice that the
normalization constart is ignored for this function, asit will not a®ectthe min-
imum):

it¢— X' (Roy i noy)?,

L
2R,

(207)
oy

The "nal piecein the maximum likelihood technique is an optimization rou-
tine, of which there are many available. The authors' implementation will be
discussedin the next subsectiort®. After a minimum is found, %can be recon-
structed from the valuesof t.

Example 14. A single-qubit tomograph y. Photon pairs geneated via spon-
taneous parametric down@nversion from a nonlinear crystal can be usal to gen-
erate single-photonstates. Measuring a photon in one arm collapsesthe state of
its partner to a single-qubit Fock state (Hong and Mandel, 1986). An ensemble
of these photons can be characterized using the maximum likelihood technique.
The following data wastaken from an experiment in \R emote State Preparation”
(Peters et al., 2005):

H = 6237 D
V = 8333 R

5793
6202.

For this ‘rst example we will assumethat no intensity normalization or
crosstalk compensation needs to occur (see Example 15 for a more thorough
example). After minimizing the likelihood function, we obtain the following T

matrix u 3 0 1
_ 734 .
T= i 290 L2i 771 (108)
from which we can derive the density matrix,
1
vt H 0:5121 0:1837+ 0:0075
8 Tr v ~ 0:1837; 0:.0075 0:4879 ' (109)

16For freely available code and further examples, see:
http://www.physics.uiuc.edu/research/QIl/Photonics/Tomogra phy/ .
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Note that the maximum likelihood technique easily adapts to measuremets
in mutually biased bases(e.g., due to imperfect yet well characterized wave-
plates) and overcomplete measuremets (taking more measuremets than is
necessary). In the st casethe set of jAi is mutually biased (i.e., not in the
canonical bases),though still governed by the mathematics of tomography we
have laid out; in the secondcasethe sumin Eqgn. (107) is extendedbeyond the
minimum number of measuremen settings.

C Optimization Algorithms and Deriv ativ es of the Fithess
Function

In order to complete a tomography, the likelihood function L "r¢ must be min-
imized. A number of optimization programs exist which can seart over a large
number of parameters (e.g., t) in order to minimize a complex function. The
authors usethe Matlab 7.0 function Isgnonlin , which is optimized to minimize
a sum of squares. This type of optimized algorithm is more excient than a
generic seard, such as the Matlab function fminunc. In order for this mini-

mi_zaéion to work most e®ectiely, it takesas parametersf (t) and @@ﬁi” , Where
L It is of the form

¢ X £ o
Lt = fx(t) (110)
X
For the problem of tomography, we can write
Ao i Noy
fo. ' 111
’ e (112)
n i ¢ ¢O _

lE,Tr Mo, TVt Tit +ndd noy

= r (112)

A TN .
2 1B, Tr Mo, Tyt f't" + nacoid

With some e®ort, we can analytically derive the partial derivatives of these
terms, allowing the optimization algorithm to not only run much faster, but to
convergequickly regardlessof the initial seart condition:

h i D 3 D ’
@ @T@i(h";r i Noy) " RAoyr i (Roy i Noy) @@ Ao
@I 3 Pého;r h |
o. 1 L o.
G- (Po)? i (Poy i noy) 3(hoy) * G-
= “ M éﬁﬁ;r
1 @]0-,— No .y
= P 1+ = 113
2" 2R, @ Bo (113)
Note that it is impossiblefor this function to goto zerounless &« goesto zero,

important when considering whether or not the maximum likelihood function
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will have sewral local minima. BecauseT is a linear function, we can easily
write down

o n i ¢, ¢0
@~ e O e, i e
@i @in h ¢ 3 - 3 - . ¢|O
= LET Mo, Vet g +P 5 Tt (119

where %; is a j-elemert vector whosei™ elemen is equal to one. All other
elemerts of ; are equalto zero. (Here j is the length of t.)

Even using these derivatives (and especially if they are not used), it is im-
portant to choosean initial condition for the seard which is ascloseas possible
to the correct answer. This amounts to making the best analytic guesspossible
using the ideal tomographic techniques preseried in Section Il. It is possible
that those ideal techniques will result in an illegal density matrix, i.e., some
of its eigervalues will be negative. If this happens (indeed, this happening is
the reasonwe need the Maximum Likelihood technique), we simply set those
negative eigervaluesto zero, renormalize the positive eigervalues, and usethis
truncated state asthe starting condition for the seard.

V  Choice of Measuremen ts

After describing how to take measuremets and how to analyze them, it is
necessaryto discusshow to choosewhich measuremets to take. This general
problem includes se\eral choices,from whether to measureprojectors indepen-
dently or simultaneously as part of a complete basis(n versus2n detectors) to
how many measuremets to take (the minimum set or an overcomplete set full
of redundancy).

A How Many Measuremen ts?

The choice of how many measuremets to perform depends on the details of
the experimental setup and the goalsof the experiment. For most applications,
the speedof a tomography is paramourt. At rst it might appear obvious that
the optimal number of measuremets to perform would also be the minimum
number of measuremets to perform, seemingly implying the minimum time
necessaryto nish a tomography. This intuitiv e assumptionis in fact false; it
is often true that taking more measuremets can in fact reduce the total time
to achieve a speci ed level of accuracy for a complete tomography.

If changing betweenmeasuremets requireslittle time or e®ort, asis the case
when using fast, automated waveplates, then the primary considerationwill be
the total number of state copiesnecessaryto run an accurate tomography. |f,
howewer, changing basesis time-intensive or error-prone, sud as when moving
waveplatesby hand, it may be desirableto minimize the number of measuremen
settings.
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As discussedin Section I, minimizing the number of measuremets will re-
sult in 4" distinct measuremeh settings for n detectors, or 3" settings for 2n
detectors. In order to minimize state copiesnecessary even for n detectors,
every measuremeh should be accompaniedby its complimentary orthogonal
measuremets, in e®ectsimulating a 2n detector measuremeh with only n de-
tectors. For example, shen measuring a two-qubit system, one should use 9
measuremen settings (with 4 detectors) or 36 measuremen settings (with only
2 detectors).

The reasonthat making more measuremets can be so bene cial is simple:
in order to transform the measuredcounts into probabilities, complete bases
are necessary If no complete basesare measured, then there is no scaling
information about the rate at which state copiesare being measured. Taking this
information redundartly within every measuredbasisvery precisely determines
the state intensity, allowing every other measurementto become more accurate.
Alternativ ely, this can function as a detector of systematic errors, allowing the
experimenter to notice whenthe sum of the measuredcourts in one basisdi®ers
from the sum in another basis, e.g.,due to a drift in the production rate of the
source.

B How Many Counts per Measuremen t?

In order to quartify the conclusionsof the previous section, Monte Carlo sim-
ulations were used to estimate the number of state copies per measuremenh
that would be necessaryto achieve an averageof 99% delit y (betweenthe to-
mography result and the \unknown" state) for a variety of two-qubit states,
using both 2- and 4-detector measuremets. Keep in mind that the 4-detector
results, ead of which require nine measuremets, could be achieved by using
36 measuremers with two detectors, which in many casesis still superior to
the 16-measuremen case. (For example, the Bell state requires 150 counts per
measuremen setting for 16 measuremerts on two detectors|a total of 150£ 16
courts, while at the sametime 36 measuremets on two detectors requires a
total of 50£ 36 cournts|a factor of two improvemen.) Table B shows the state
copiesper measurement necessaryto achieve a 99% delit y for "v e families of
states.

In order to understand these numbers, considerjust the Werner state's be-
havior asit transitions from a maximally entangled state (, = 0) to a totally
mixed state (, = 1). Figure 8 shows the cournts necessaryto achieve either a
99% (dotted line) or 99:9% (solid line) "delit y for the full range of , .

For very low , (very pure states), almost no state copies are necessary
When measuringthesestates, seweral measuremets return a value closeto zero
courts. This value of zeroprobability guaranteesthat the state will be near the
border of allowable states (e.g., near the surfaceof the Poincar§ spherefor one-
qubit states). This one measuremely, becauseit isolatesthe allowable states
to a very small area, can very quickly lead to a high "delity. For example, if
after measuring 100 copiesin the H-V basis, one has recorded 100 H courts
and 0 V courts, then there is a very high probability that the state jHi is the
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The Werner State

70) =10 )% gunisjvviy *

4
The Bell State j! The Half-Mixed State

1i2’ (GHHIVV] + jVVihHHj)

19%(,)=%(jHHiH—|Hj+jVViI‘i\/Vj)+

HH j! The HaIf—Mix%d State
U

%(,)= 1i 5 JHHiIHH]+ 5jVVihvyj

Maximally Entangled Mixed States (MEMS)

M |
_o 1y,
2

1

3

111 . 1

3 = '2’ (HHINVVj+ jVViHH]) +

(JHHi+ jVVi)(HHj+ hvVj) +  jHVihH V]|

%(jH HitHHj+ jHVIihH V| + jVVihVVj)

HH j! The Totally Mixed State

%()=(Li )HHIHH]+,

. 0 001 01 025 05 1.0

2det. | 150 900 1300 4900 2400 1600
4det. | 50 150 1200 600 350 350
2det. | 150 200 250 300 350 350
4det. | 50 100 150 150 150 150
2det. | 75 200 350 350 300 350
4det. | 50 100 150 150 150 150
2 det. | 150 1100 1600 1500 1000 700
4det. | 50 100 300 500 250 200
2det. | 75 300 6800 3500 2100 1600
4det. | 50 100 1000 450 350 350

& K K R R

Table 1. Counts per measuremeh setting necessaryto achieve, on average, a
99% delit y state. To calculate the total counts necessaryfor a 2-(4-)detector
tomography, multiply the listed number by 16 (9).
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10° : : :
F = 0.999

Counts required for target fidelity (Ft )

10 4 . 3 . 2 . 1 0
10 10 10 10 10
State mixedness (I )

Figure 8: This plot shows the counts per measuremen for a 4-detector system
using the minimum nine measuremen settings to achieve either a 99% (dotted
line) or a 99:9% (solid line) target “delit y (F;) with the ideal state. Theseresults
used Monte Carlo simulations on the Werner State (1§ , )%%m Hevvi T

for a range of valuesof , .

L
s 40
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target state, becauseewery other axis in Hilbert spacehas also been isolated
by this measuremehn (in this speci ¢ example, the results of measuremets in
the D-A and R-L basis|50 counts in eadican be inferred from this one H-V
measuremet).

As the state becomesmore mixed, it movesaway from the border in Hilb ert
spaceand now many counts are necessaryto isolate the position of the state in
those other directions. Continuing the example above, if our rst measuremen
was instead 90 H and 10 V, we cannot infer the results of a D-A measuremen
If for instance, it resultsin 50 D and 50 A, thesecourts have a great deal more
uncertainty than a 90/10 split, due to the nature of the "tness function. This
accourts for the sharp transition in Figure 8, a transition which movescloserto
the pure states for a higher "delit y cuto®, as expected.

The last behavior shown in the graph, the gradual decreasein necessary
counts for increasing mixedness,occurs because delit y becomesless sensitive
for states of greater mixedness(Peters et al., 2004).

VI Error Analysis

Error analysisof reconstructed density matrices is in practice a non-trivial pro-
cess. The traditional method of error analysis involves analytically solving for
the error in eadh measuremenh due to ead sourceof error, then propagating
theseerrors through a calculation of any derived quartity. In the photon case,
for example, errors in courting statistics and waveplate settings were analyzed
in somedetail in reference(James et al., 2001), giving errors in both density
matrices and commonly derived quartities, such as the tangle and the linear
entropy. In practice, however, these errors appear to be too large: We have
experimentally repeated someof our measuremets many times, and obsened
a spreadin the value of derived quartities which is approximately an order of
magnitude smaller that the spreadpredicted from an analytic calculation of the
uncertainty. Obviously, the correctnessof the analytic calculation is question-
able. Thusit is worthwhile to discussalternate methods of error analysis.

One promising numerical method is the "Monte Carlo' technique, wherehy
additional numerically simulated data is usedto provide a statistical distribution
over any derived quartit y. Oncean error distribution is understood over a single
measuremen (e.g., Gaussian for waveplate setting errors or Poissonian over
court statistics), a setof “simulated’ results can be generated. Theseresults are
simulated using the known error distributions in such a way asto producea full
set of numerically generateddata which could feasibly have comefrom the same
system. These data are numerically generated(at the measuredcounts level),
and ead setis usedto calculate a density matrix via the maximum likelihood
technique. This set of density matrices is then usedto calculate the standard
error on any quartit y implicit in or derived from the density matrix.

As an example, considerthe application of the Monte Carlo technique to the
downcorversion results from Example 15. Two polarization-encaded qubits are
generatedwithin ensenblesthat obey Poissonianstatistics, and theseensentles
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are usedto generatea density matrix using the maximum likelihood technique.
In order to 'nd the error on a quartity derived from this density matrix (e.g.,
the tangle), 36 new measuremen results are numerically generated,eac drawn
randomly from a Poissoniandistribution with meanequalto the original number
of counts. These36 numerically generatedresults are then fed into the maximum
likelihood technique, in order to generatea new density matrix, from which, e.g.,
the tangle may be calculated. This processis repeated many times, generating
many density matrices and a distribution of tangle values,from which the error
in the initial tangle may be determined. In practice, additional setsof simulated
data must be generateduntil the error on the quartity of interest corvergesto
a single value. For the data in Examples 14 and 15, a total of 100 simulations
were used.

VI A Complete Example of Tomography

In order to demonstrate how all of the conceptspresered in this chapter are ac-
tually applied, we have included an examplewhich from start to nish useslab-
oratory parametersand data, taken from a two-qubit entangled photon source.
Throughout this example we will use our usual convertion for the canonical
basis: jOi © jHHi, jli = jHVi,j2i = jVHi, andj3i = jVVi.

Example 15. A Complete Tw 0-Qubit Tomograph y.

Before collecting tomography data, there are seveal measurement parame-
ters that must be measured. After experimentally determining that each of our
beamsplitters has negligible absorption, a 0:8% chane to re°ect jHi, and a 0:5%
chancee to transmit jVi, we can determine that

00 10 20 30
0 1
10 09842 00049 0:0049 0:0000
c ., 1 1R 0:0079 0:9871 0:0000 010058§_ (115)
o I 2@0:0079 0:0000 0:9871 0:0050A°
I '3 0:0001 0:0079 0:0079 0:9901

Rather than measuring intensity °uctuations by picking o® a part of the
pump laser, wewill chaoseduring this tomographyto t the intensity parameters
lo as part of the maximum likelihood technique (we use four detectors, which
will allow us to 't a relative intensity to each measurement setting by using the
measured counts from each of four orthogonal projectors).

Becausethis particular tomography will use a total of nine measurement set-
tings (the minimum number required), there will not be enoughinformation to 't
for the detector-pair exciencies. A previoustomography (using 36 measurement
settings and not shownhere) was usal to solvefor the E;, using a two-detector
tomography applied to the 36 measurement results from ead of the four pairs
of detectors:

E;, = 0.9998 Es; = 0.9195
E, = 1.0146 E, = 0.9265.
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To simplify the example,we will make all measurementsin the canonical bases
(this could be accomplishel using either ideal waveplatesor, in somecases,im-
perfect waveplates|see Section I11.A.2).

With these parameters recorded, we can now take the data. The following
counts were recorded for a slightly mixed Bell state (closeto pl—? (JHHi + ijVVi)):

Ny
No.r .
Nz .
Ng;r -
N5 @
Ng:r -
Nz,
Ng:r .
Ng;r .

HH =
HD =
HR =
DH =
DD =
DR =
RH =
RD =
RR =

3708
1791
2048
1766
1713
3729
2017
3686
2404

HV
HA

HL =

g
<
|

@)
>

20
oo

RA

Y]
-
|

77
1987
1854

= 1914

1945
91
1709
102

= 1474

VH
VD
VR
AH
AD
AR
LH
LD

-
Py
|
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2096
1926
2153
2208
102
1917
109

= 1712

VV = 3642
VA = 3642
VL = 1892
AV = 1741
AA = 1647
AL = 3662
LV = 1955
LA = 3651
LL = 2209,

with the correspnding accidental counts (calculated using the measured singles
rates and the previously determined coincidence window ¢ t, (c.f., Eqn. (87)).

g5
3o
ngse
3o
gy
g5
g
ngse
g5

After minimizing the likelihood function, we obtain the following T matrix

0

f=

=54
5.2
53
5.2
5.2
5.2
53
54
=53

0
2:401+

ngg
ngs
g5
ngse
ngigi
ngse
ngge
ngse
g5

3:167

j 6:381; 2:649
i 8975+ 58630 1:356j 2:106 1:685; 1:514 60.08

=56

5.5
5.5
5.3
5.4
5.3
5.4
5.9
5.4

0

2:372
3:919; 0:897

ngeg
n3ig
ngg
35
ngge
ngge
nggid
ngse
g5

from which we can derive the density matrix,

vt
- —h— O
Tr Tyf
0:50 i 0:02; 0:01
_ % i 0:02+ 0:01i 0:00
B i 0:02+ 0:01i 0:00; 0:01
i 0:07+ 0:49 0:.01; 0:02

=59

5.6
5.6
6.0
5.9
5.9
5.9
6.1
6.0

0
0
2:674

i 0:02; 0:01L
0:00+ 0:00i
0:00

0:01; 0:.01

ngeg
ngge
ngg
ngige
ngigi
ngse
ngg
ngs
ngs

1
i 0:07; 0:49

=6.0
6.0
5.9
6.1
6.2
6.1
6.1
6.6
= 6.2.

1
0

0 £, we

0:01+ 0:02
0:01+ 0:01i
0:50

(117)

Our serch algorithm returned this density matrix becauseit minimized not only
the main serch parameterst, but the intensities Io:
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I, = 7647 I, = 7745 I3 = 7879
l4 = 7725 Is = 7669 lg = 7754
Iz = 7751 lg = 7716 lg = 7967,

allowing us to calculate the expected counts ho., (for the nal density matrix):

hl;]_ = 3792 ﬁl;z = 81 ﬁl;g = 67 h1;4 = 3544
hg;l = 1794 hz;z = 1956 ﬁz;g = 2106 h2;4 = 1735
ﬁ3;1 = 2046 |1]3;2 = 1787 h3;3 = 1933 ﬁ3;4 = 1956
ﬁ4;1 = 1815 |114;2 = 1895 F]4;3 = 2108 ﬁ4;4 = 1758
F]5;1 = 1618 Itl5;2 = 2050 ﬁ5;3 = 2247 h5;4 = 1604
Itle;l = 3792 ﬁ@;g = 97 ﬁ6;3 = 103 h6;4 = 3594
h7;1 = 2032 h7;2 = 1699 ﬁ7;3 = 1901 h7;4 = 1966
ﬁg;l = 3758 hg;z = 103 ﬁg;g = 105 ﬁ8;4 = 3583
oy = 2271  hgp = 1580  Rg3 = 1751  hgyu = 2206,

Using the error analysistechniquespresentel in Section VI, we can estimate
this state's "delity with the Bell state pl—i ((JHHi + ijVVi) to be 984§ 0:2%.

VIl Outlo ok

This chapter represens our beste®ortsto date to experimentally optimize quan-
tum tomography of discrete systems,but fails to addressse\eral key areasthat
future researd will needto address: (1) As discussedearlier, tomographic er-
ror analysisis still in the nascen stagesof developmert, and to date the only
acceptableerror estimates have come from Monte Carlo simulations. Analytic
solutions to the problem of error estimation could greatly speedup this compu-
tationally intensivetask. (2) The study of adaptive tomography hasmotivated a
number of the improvemernts presened in this chapter, notably the use of more
measuremen settings to achieve a more excient and accurate tomography in
lesstime. A generaltheory of how to adapt measuremen settings and measure-
ment times basedon the data that has already been collected|whic h can be
experimentally applied in real timelhas yet to be fully realized (seehowewer,
D'Ariano et al. (2004)). (3) The number of measuremets necessaryto perform
tomography grows exponertially with the number of qubits; it will evertually be
necessaryto partially characterize states using fewer measuremets. This will
be particularly important for errorlas the analysisof large systemstakesmore
and more time, it will becomelessand lessfeasibleto use Monte Carlo simula-
tions to estimate the error. (4) Each distinct qubit implementation provides a
unique challenges,which will needto be explored by the experimental groups
specializing in those systems; hopefully, the study of ead system's di®erences
will illuminate new areasfor tomographic improvemen.
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