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HYDRODYNAMICS OF INCOMPRESSIBLE FLUID

2D incompressible flows consist of vortices
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HYDRODYNAMICS OF VORTEX FLUID

Vortices as constituencies of a secondary fluid - the vortex fluid (or vortex matter)

o Fast motion: fluid precessing around vortices;
o Slow motion of vortices.
o What is the hydrodynamics of vortex fluid?
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Euler Hydrodynamics = Anomalous hydrodynamics



OUTLINE

o

Hydrodynamics: Incompressible flows in two dimensions

Search for Conformal Invariance

[e]

[e]

Kirchhoff equations

o Onsager ensemble and Random Matrix Theory

[e]

Anomalous forces in hydrodynamics

[e]

Hydrodynamics of vortex flow, superfluids and FQHE



HYDRODYNAMICS OF VORTEX FLOW

Hydrodynamics of the vortex flow is anomalous

Assumption: Circulations of vortices are bounded > T
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ANOMALOUS HYDRODYNAMICS

Euler Equation Du=-Vp

Anomalous Euler Equation | Dyv,=—-=Vp+ VT

D, =g, +u-V - Material Derivative.
Tq — anomalous stress - symmetric pseudo-tensor
2D: T, =1T,= NV u,—Vyu),

Xy

Tox = Ty = T)(quy + vyux);

T =Ty — Ty —2iT,, =—2indu, 7;=0

1 - a universal anomalous kinetic coefficient
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ANOMALOUS HYDRODYNAMICS

I v“{y+dy)
vyly-dy)
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HYDRODYNAMICS OF INCOMPRESSIBLE FORCES

Euler Equation Du=—Vp,

Material Derivative D,=(6,+u-v)
Incompressibility V-u=0,
Vorticity o=V Xxu

Vorticity is transported along the velocity field: the material derivative of the
vorticity in that flow vanishes:

Dw .
Helmbholtz Equation : Dr =w+u- Vo =0.



KIRCHHOFF EQUATIONS

Helmholtz (and later Kirchhoff)

N r
u(z,t) =u, —iu, =i :
; z —z(t)

Kirchhoff equations

L N 1—‘j
5= 2(6) — ,(0)

i
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CHIRAL FLow: CLUSTERING, ROTATING FLUID

Chiral Kirchhoff equations I'; =T

‘ i F
iZ=05-) ————
i# zi(t) - z](t)

Object of interest: Large N limit such that the area of the patch is fixed

=] =3
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CANONICAL STRUCTURE OF KIRCHHOFF EQUATIONS

Kirchhoff equations are Hamiltonian

o Poisson brackets
- . -1
{Zl', Zj}P.B. = (lﬂ:r) 6U
o Hamiltonian

H = Qlz|* — FZZIOg |2; —zjl2
J#L
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ONSAGER ENSEMBLE: STOCHASTIC HYDRODYNAMICS

Thermodynamics of the vortex gas

N

| | _ 12 /402

9(21,. .,ZN)Z |Zi—zj|2ﬂe Zilzll /4l s zﬁ ZFZ/T
i#]

Dac

13/24



HYDRODYNAMICS OF ONSAGER FLUID OF VORTICES

o Start from the many body system

: ﬁ: r
o Reformulate it through the density

()= 5(r—r) =(27T) " ().

and velocity
J=p(r)v(r) = 5(r—r)v,
i
o write evolution equations for density p and velocity v
DpP=.., Dv=..
o Compare with the Euler equations

Dip =0, Du=-Vp
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CHIRAL RELATION

In the chiral flow position of vortices determines their velocity:

iz Qz ﬁ: a ! 3, A
1Z2:. =V = Z: — —Z_Z-
Lot ! = zi(t) —z(t) inT ™

. 1 a oS
"~ inT *8p(z)
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OBJECTS IN HYDRODYNAMICS
o Flux J=pv=(nDpv=1i0T

o Stress tensor: a response of the energy to a general transformation of
coordinates and dilatations

z—z+€(z,2), and dilatations p — p + A(z,2)p

A
Tz(2) = —P(Z)m,

1 1 9 \7
=— — =ir L.
7@ nZz—zi 0z ' Zz—zi

i

0T +pd(p'T:)=0



STRESS TENSOR IN ANOMALOUS HYDRODYNAMICS

Stress tensor in Euler hydrodynamics (the holomorphic component only):

1 Loy
7 =ju=5(0Y)

Stress tensor in vortex (anomalous) hydrodynamics :

T =i —itsu=2(ayP— s
_2u 12 u—2 Y 12 P
S~——

anomalous term

1) — stream function : u, = -V, Y, u, =V,
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CALCULATIONS

We want to express

Through velocity

Use the identity

1 1 1 2 1
zéz—zizi—zj - (Zz—zi) 0 (Zz—zi)

To obtain



DEFLECTION OF THE VELOCITY AND STREAM LINES

Anomalous term in the velocity

PV =36 —rv, V—Zz_z

i#]

v=u-+ gié’ log|w|

w=VXxu

and in terms of the stream lines

‘P=1/J+£10gA’(I)

v=—-VXV¥, u=-Vxuy
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HAMILTONIAN AND POISSON ALGEBRA OF THE VORTEX FLOW

1 r
_ = 2 _ o 27 42
%—ZJ[ (4V10gp) 1d°r,

The chiral constraint:
Iy
@2an)- (Vxv)=p+ ZAlogp.

Poisson algebra J = pv

{p(), p()}=—nT(V, x V. )[(p(r) +p(r"Nr—1)],

{j(r)’ J(r')} = (—%(J X V) +nal (pz + in . v)) p5(r_ r/)
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HYDRODYNAMICS IN A CURVED SPACE: TRACE ANOMALY

Riemann manifold with a metric gg: p — p+/g The energy

1—-2
H—H+— | RAT'RAV
B g

~—
Liouville action

The stress tensor
2
Tz = Tz — ZR
Density in a stationary flow
1
6p=—R
P 8n

A cone with a deficit angle 6 accumulates 6 /47 vortices.
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QUANTIZATION OF INCOMPRESSIBLE FLUID AND SUPERFLUIDS

Kirchhoff Equations are Hamiltonian and finite dimensional - readily for

quantization;
N
iz = Z _ 0
' i#] zi(t) - z](t)

{2, 5}pp. — [2, 5] =B '8, T =ph

= -1
2= /5 azi

Attempts to quantize incompressible Euler’s equation failed.
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RELATION TO FQHE

The ground state of the vortex flow is Feynman wave function.

In the chiral case (all vortices are like-sign) is Laughlin’s wave function

N
_ B
0, + 0z — E po— U(zq,...,2y) =0



OMITTED SUBJECTS

o Relation to CFT

o Application to turbulence (project with Eldad)
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