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• Hall states in the first excited Landau level

• Moore-Read paired state for 5/2 (edge + 
bulk)

• generalizations of pairing to k-particle 
groupings (RR 1999)

• k=3 and k=4 in rapidly rotating atomic Bose 
gases with dipolar interactions

• k=3 for fermions

Outline
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• 5/2 is quantized

• Strongest or as strong as 8/3

• Not a 2nd generation or 
daughter state

• Reentrant phases

• Weak 12/5

• PH symmetry violation             
(LL mixing?)

• Apparent formation of 2+3/8 Data of Xia et. al.

First excited Landau Level



! cE / h

= 2 IQHE edge (0LL)"
"1LL    = 1/2 edge

1LL

0LL

3LL

2LL

E f

4

3

2

1

0 r
R

Edge Modes of 5/2 
with Wan, Hu and Yang

PRB 2008



∏

i<j

(zi − zj)2Pf
1

zi − zj

MR state on disk (drop the exponential factor)

z = x + iy

(u, v) = (cos θ/2 exp iφ/2, sin θ/2 exp−iφ/2)

On the sphere

∏

i<j

(zi − zj)2Pf
zi + zj

zi − zj

∏

i<j

(uivj − viuj)2Pf
1

uivj − viuj

∏

i

zi

∏

i<j

(zi − zj)2Pf
1

zi − zj

e/4 non-Abelian quasi-hole

MR wave functions
MMR =

N(2N − 3)
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e/2 Laughlin quasi-hole



Generalizing pairs to groupings of k 
particles

ΨRR = S{
N/3∏

i<j

(ui − uj)2
N/3∏

i<j

(vi − vj)2
N/3∏

i<j

(wi − wj)2}

ΨMR = S{
N/2∏

i<j

(ui − uj)2
N/2∏

i<j

(vi − vj)2}

ΨLJ =
N∏

i<j

(zi − zj)2 Boson Laughlin state at 1/2

S symmetrizes u, v and w’s to z’s

at 1/2+1/2=1

at filling 3/2
No more than k particles can have same coordinate

filling factor=k/2
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The Hamiltonian

H3−body|ΨMR〉 = 0 otherwise positive definite operator

HCoul is the Coulomb potential in the first excited LL

Hconf
Neutralizing charge a distance d from the 2-d layer.
Edge confining potential

To nucleate and localize e/4 quasi-particles

H = λH3−body + (1− λ)HCoul + Hconf + Hprobe

Hprobe = W
∑

m

exp{−m2

2σ2
}c†mcm
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(i) Mgs = 121 (stripe)

(ii) Mgs = 126 (Pfaffian)

(iii) Mgs = 136 (stripe)

(iv) Mgs = 146
(stripe? anti-Pfaffian?)

12 electrons in 22 orbitals
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12 electrons in 22 orbitals
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λ = 0.5, d = 0.6"B

bulk states Chiral charged bosons

Chiral neutral fermions fermions + bosons

N = 12, ν = 5/2 26 orbitals
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λ = 0.1, d = 0.6"B N = 12, ν = 5/2
bulk states Chiral charged bosons

Chiral neutral fermions fermions + bosons

26 orbitals
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Non-Abelian statistics
Odd number of quasi-holes in 

the bulk

h/2e

fermion

Majorana fermion accumulates a phase of π since a 
full flux will yield a phase of 2π (twisted sector)

This changes the spectrum of the Majorana fermions

from: ∆M: 1(0), 2(1),3(1),4(2)   to  ∆M: 1(1),2(1),3(2),4(2)

e/4

Milovanovic and Read (1996), Wen (1993)



 0

 0.02

 0.04

 0.06

 126  127  128  129  130

!
E(

M
) (

e2 /"l
B)

M

(a) W = 0.0
 0

 0.02

 0.04

 0.06

 126  127  128  129  130

!
E(

M
) (

e2 /"l
B)

M

(a) W = 0.0

 132  133  134  135  136
M

(b) W = 0.1

 132  133  134  135  136
M

(b) W = 0.1
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λ = 0.1 d = 0.7"B N = 12 in 24 orbitals, ν = 5/2
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Discussion

• Extrapolating to the Coulomb potential yields 
vc=0.046R and vn=0.0036R in units of

• In Ga-As systems, we have vc~5x106 cm/s and      
vn~4x105 cm/s

• We can estimate the decoherence length to be 
about 4 um (using the result of Bisharat and 
Nayak)

e2/ε"B!



Studies of the Moore-Read state on 
the sphere

On the sphere charge-flux 
relations have a finite shift

Haldane 1983

Nφ = ν−1N −m



The ground state at 2N-3 flux
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PBC Ground State Quantum Numbers 
Degeneracy and Topological Order

• There are                                      2-D 

conserved wave-vectors K forming the 

many-body BZ (Haldane 1986)

• For Incompressible Hall states                         

G is a reciprocal vector 

•  Degeneracy of Abelian Hall states is just q 

while for 5/2 it is 3q=6  same as MR state!

(ν =
N

Nφ
=

pN̄

qN̄
=

p

q
)N̄

2

!K = !G/2

!K5/2 != 0

!K1/3 = !K2/5 = 0
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The spectrum shows a clear gap
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Rapidly Rotating Ultra-Cold Atoms
with N. Read and N. Cooper 

H = − !2

2m

N∑

i

∇2
i +

1
2
mω2

N∑

i

r2
i + g

N∑

i<j

δ(ri − rj)

g =
4π!2as

m
as is the S-wave scattering length

Hrot = H −Ω · Ltot
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• At ultra-cold temperatures the dominant 
scattering is s-wave which can be modeled 
by a contact pseudo-potentials 

• Enter lowest Landau level if gn<< Landau 
level spacing, where n is the density (dilute 
limit), Wilkin, Gun and Smith (1998), Wilkin 
and Gun (2000), the counterpart of the 
filling factor is:  N/NV where NV is the 
number of vortices.  

• With rapid rotations crystal of vortices 
(already observed) are expected to melt (for 
fillings <6 )to quantum Hall fluid phases 
Cooper, Wilkin and Gun (2001). 



•  Griesmier et. al. (2005) have succeeded in 
condensing chromium (with a permanent 
dipole moment).

• We will assume dipoles point along the 
rotation axis:  V(r) ~ Cd /r3

• We can parametrize the dipolar interactions 
with pseudo-potentials  Vm m=0,2,... (bosons)

• The contact potential is just V0 (includes 
contact and dipolar parts) which can be 
tuned by means of Feshbach resonance. 

• Quantify the dipole to contact interaction by 
the ratio V2/V0  

Dipolar Forces



 Pure Contact Potential

N = 18, ν = 3/2, PBC,

α = 0

ν = 3/2, Sphere



Spectrum plotted vs.  K

N = 18, ν = 3/2, PBC, α =
V2

V0
= 0.38
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k=3 RR state
GS degeneracy
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by point symmetries is 242,000
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Electrons at 12/5 or 13/5 
Landau level filling

With N. Read
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