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microscopic
Hamiltonian

emergent
anyon model

fluxes/anyon types

* number of topological
[toriccode: I, e, m, €]

[Ising: I, 0, €]

 quantumdimensions

di D = ’Z(di)z

A
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« fusion rules Nl-jk “

* topologicalspin Hi

topological central charge C

(X,

* mutual statistics Sij
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‘ (if gapless edge state)

chiral CFT




Clarification (1)

Kitaev’s toric code (quantum double of Z,)

Ground subspace on the torus

One possible basis:

BOBE

IXxI

|+) = (]0) £ [1)/V2

Another basis:

(=)
|0 +)

e
|0 —)

"
|1 +)
- 1-)




Clarification (2)

 complete set of ground states of a lattice Hamiltonian H

X.-G. Wen, 1989
A) on a torus

Ly Ly > &

yb {¥i}
X
fact: each ground state has a well-defined anyon flux in x-direction

example:toriccodei =1,e,m, ¢

B) on aninfinite cylinder (with no boundaries)

[ oo 3

{W;}

yL
X

fact: each ‘ground state’ has a well-defined anyon flux in x-direction

example:toriccodei =1I,e,m, ¢



Background i
Infinite cylinder Finite torus

Entanglement » spectrum of
spectrum gapless edge state
(chiral CFT)
[

(boundary)

L H.Li, F. D. M. Haldane, PRL2008
X.-L. Qi, H. Katsura, A. W. W. Ludwig, PRL2012

Topological » quantum dimensions
entanglemententropy p
hut] _ 32
S, =al —y D b= [ @
D i
Y = log — A. Kitaev, J. Preskill, PRL 2006, M. Levin, X.-G. Wen, PRL 2006
di S. Dong, E. Fradkin, R. Leigh, S. Nowling, JHEP 2008

Modulartransformations » topological S, U matrices

Vij = (%" |Rey, |9*") v = pUs~D? i@ C/\:)i

Y. Zhang, T. Grover, A. Turner, M. Oshikawa, A. Vishwanath, PRB 2012




Background

- F Q=
Infinite cylinder -5 Finite torus -

L¥ ) poms

ground state
on finite cylinder

» D = Z(d.)z H.-C. Jiang, H. Yao, L. Balents, PRB 2012
e H.-C. Jiang, Z. Wang, L. Balents, arXiv:1205.4289
l

S. Depenbrock, I. P. McCulloch, U. Schollwoeck, PRL 2012

S.Yan, D. A. Huse, S. R. White, Science 2011
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1) GROUND STATES

i = edge spectrum
Infinite cylinder » > quantum dimensions
» chiral CFT
Finite torus » = S matrix = U matrix
i » mutual statistics » central charge

» quantumdimensions > topological spins
» fusionrules

2) QUASIPARTICLE EXCITATIONS

[
" integer excitations
Infinite cylinder {} L—g— » &

» fractionalized excitations
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LATTICE MODELS

Haldane Kitaev Honeycomb

(hardcore bosons on honeycomb) (non-Abelian phase with magneticfield)

F.D.M. Haldane, PRL 1988 A. Kitaev , Annals of Physics 2006
t =
t'=0.6

=0.4n

¢ h=0.01
t""=—-0.58

= —t Z b wa_t Z b, Tb e Prr — 2 b Tbrr H= Z o¥ o¥, 4+ z oY, o, + Z %07,

(rrr) <‘rr/> (TT’) (TT’)x (TT’>y (rri),

Y.-F. Wang, Z.-C. Gu, C.-D. Gong, D.N. Sheng, PRL2011 +hZ(aXr+ o¥ +0%,)



VARIATIONAL WAVEFUNCTION

MPS /2D DMRG

(Matrix Product State)

S. White, PRL 1992
S.Yan, D. A. Huse, S. R. White, Science 2011
H.-C. Jiang, H. Yao, L. Balents, PRB 2012

a=1,-y
\
!
i =1,2

Computational cost 0( X3) ~e Ly




CORRELATION LENGTH




Haldane model
(hardcore bosons)

F.D.M. Haldane, PRL 1988

H=-t
(rrr) ((rrry)

Z bty =t > by Tyl

Y.-F. Wang, Z.-C. Gu, C.-D. Gong, D.N. Sheng, PRL2011

(flat band!)
We find 2 ‘ground states’:

H

Numerics!
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Haldane model
(hardcore bosons)

VAR
7

/N

+

‘eround states’
infinite cylinder

ENTANGLEMENT SPECTRUM (1)

S

—> P11 —> {P1,a}

— P2 — {pz,a}

density matrices
semi-infinite cylinder

spectra

Pi |pi,a> = Pia |pi,a>



Haldane model
(hardcore bosons)

{P1,a}»{Pz,a} — S(pl)»s(pz)

spectrum

S(py))]

Numerics!

Scaling of entanglement entropy

A. Kitaev, J. Preskill, PRL 2006
M. Levin, X.-G. Wen, PRL 2006
S. Dong, E. Fradkin, R. Leigh, S. Nowling, JHEP 2008

Region with flux i

S; = al —log| —

D
d;

*For one ground state in large finite cylinder, H.-C.lJiang, H. Yao, L. Balents, PRB 2012,
H.-C. Jiang, Z. Wang, L. Balents, arXiv:1205.4289

Numerics! d
— =0.7079 = —
D \/_

S(p1) — S(py) =log

dy

(0.1%)

Numerics!

dl/dz — 1.005



We found 2 ‘ground states’:

i
Numerics! D 4t Z(dl)z
/ '\ NG
Y, Y,  complete set?

Numerics!

4 (5) - (BT

= complete set

Any anyon model has identity i = I, with quantum dimension dy; = 1

d,=1, = d,=1.005=1, D=1413=V2 (0.1%),

Numerics!




Haldane model

ENTANGLEMENT SPECTRUM (lI
(hardcore bosons) ()

] i
;o

bulk ‘l’ edge

J

{50
Pi

-

‘ground states’ density matrices
infinitecylinder  semi-infinite cylinder

spectra
entanglementenergies

,0i|pi,a}ki,a> — pi,a|pi,a;ki,a> Ei = — log(pi;a)

l.2_TL'k ;

. _ , L, L@ .
Tl kia) =€ v “|piaikia) H.Li, F. D. M. Haldane, PRL 2008
momentum in y-direction X.-L. Qi, H. Katsura, A. W. W. Ludwig, PRL 2012
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Momentum A
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Momentum K

Spectrum organized as multiplets of emergent SU(2) [lattice model is only U(1) symmetric]

integerirreps s =0,1,2,:--

s =012,

integerirreps

{1,1,2,3,5,--- } Xiao-Gang: “bosonic Gaussian theory”

Degeneracy pattern:



_ _
_ _
- _ _
_ _
_ _ _ _
i = S e A
S P
- TRl 8
i _ e W
_ - | |
I3 “ /%/lrv( _ M'l J
_ /.%/

k=
r,\.,_nd

S

S

|

i_

|

|

|
)

|

|

|/

! g €
.____lx______

| =t

|
|
|
|
| [ | | I
L T
N O S W T O
A B o = S B
o T !
e et
L F e gl
\r_ ) .
L
vy <t ) (e ol (o)

YVl ABIouryg

>

Momentum KA

> ol

Momentum KA

decomposition

su(2)

3

su(2)
decomposition

Eo

-1

1 (1)

1 (h

2 | @)1

5 73 (3)+2(1)

5 2 2(3)4+3(1)

T 3 I3+
115 1 (5)+43)+6(1)

1

1

2
3
5
7
1

1
1
2
3
5

—ie v oiw =T S| Sl Qe

=)
—

eey
g+
sE88%
mw\WZW\\«:
AT IITA
- e N

— -V
112357“
oV
10'2”
S ~Mmnewn ol

P. Di Francesco, P. Mathieu, D. Senechal, Conformal Field Theory, 1997



s e e e 1
| K\ _ _ N
S _ | X _ w-. .
| | | |
e i =one s SRS L
| o ] | ol
P TR B 4
_ | | % :
i i e i N ] D
Sl |
i | _ x & ]
_ | o ® e
| s e U A 5 ]
e _ | _
LT u _
I G B
| = ac] TS TR - S I TR
Ve ASIouy
= -
®h N —
| | _ -
T T B e
S _ _ _ .
e
e~
| | A< =X | |
I
_ | _ | X |
R oo o e na e |
_ | . | | |
B _ _ Tl &5 1|
_ | | | ~<
||_*l__mIITIJII_Tl@ =
[ _ Lx _ [ _
LI e
X~ | | _ X .
B s B e o |
v < o ol — o

YVl ABIouryg

>~

Momentum A

-

Momentum Kk

chiral SU(2); Wess-Zumino-Witten CFT

primary field + tower of (Virasoro and Kac-Moody) descendants
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LIJZ chiralvertexoperatorei‘P/ﬁ, —_—

SU(2) doublet



7 o=» (&

infinite cylinder finite torus

LIJH > LI—’]I tor complete basis
of quasi-degenerate

tor
LIJS ground subspace

complete set
of ‘ground states’
>
W




Y. Zhang, T. Grover, A. Turner, M. Oshikawa, A. Vishwanath, PRB 2012

torus: two vectors W, W5

modulartransformations SL(2,7Z)

1441 i wi'l _[a bl[M™1

Wz] WZ'I - lc d] Wz]

ab,c,cd€Z; ad —bc =1
* generators

=[5 ol w=o

ground space of H isarepresentation of the modulargroup

1
85— S topological S matrix  S;; = D @
; .

J

u— U topological U matrix  U;; = T (J\/\)
i
i

p—



Y. Zhang, T. Grover, A. Turner, M. Oshikawa, A. Vishwanath, PRB 2012

* T/3rotation Rr, isa
symmetry of H on torus

e it correspondsto US™?!

* matrix of overlaps

VU — (l_IJitO’l"an_/SlqjthT>
V=DUS DT
S = [SHH SHS] U= ‘ié_zc [1 O] D = [ei¢“ 0 ] e'?; freedom
Ss1 Sss 0 6 0 e'Ps in defining ‘Pjtor
Sii, S > 0 Ly=1, =6
Numerics!

6 X6 X2 =72sites
2T

(ps—r)
o p-icae| S Sise" "] 0685 +0181i  —0.229 + 0.669]
Syl g (S —0.693 — 0.138i —0.183 + 0.681i



_[Sm Sis _ [ ] _[ei‘f’ﬂ 0
S—[ U=¢e 0 o D = .

SS]I Ssss 0 e‘%
S1i,Sq7 >0
Numerics!
i(¢ps—r)
V= o—isqC St Spse! P _[0685+0.181i —0.229 + 0.6691']
SgelP1=%) g (S, —0.693 — 0.138i —0.183 + 0.681i

topological S matrix

1 @ 111 1 10731—1.4 0.2
S--:— S=_ . .
7Dy | x/Ell —1] A=Y 4+4i]

J

topological U matrix

1 2T 27T
L= . —i#1[1 O 520.01 0
i, O/\) e P [0 o-i0007)
i

chiral semion (Monte Carlo statistical error < 10™%)

Numerics!




topological S matrix

1
l

J

topological U matrix

1

Vi= g,
l .
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1
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chiral semion

1073
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0
0 e—i0.007]

(Monte Carlo statistical error < 10

* from topological S matrix

Numerics!

= quantumdimensions dj=ds=1, D =+/2

= Z, fusion rules Ixl=1I Ixs=s
sx=s sxX s=1
e from topological U matrix
= centralchargec =1
= topologicalspin®g =1 (semion!)




Kitaev Honeycomb [
(non-Abelian phasewith magnetic field)

A. Kitaev , Annals of Physics 2006

tor

Y. Yy — ¥
h=0.01 H )LI_,Z —_— Lpztor

Numerics tOT'
—
+hz (O'Xr-l- oY, +a%,.) \ "IJB LIJB
" , , ‘ground states’
H= Z 0% 0%+ Z 070, + Z 70 ground states f?nite torus
)y, (rr,, (rr, infinite cylinder
. [[1.02 140 1011 Ising anyon model
Numerics! §=5|141 003 -141 I o .
[1.04 —-1.36 1.04.
| 1 V2o o1
L,=L,=4 —
x = by [[100 141  1.007] V3141 =g|vVz 0 V2
~=|141 000 -141 1 -2 1
2 5%'!
1 1.00 —-1.41 1.00 |
= quantumdimensions = fusion rules

dj=1 d,=VvV2 de=1 D=2 oxe=0 oxo=I1+¢c exe=1I



OUTLINE

1) GROUND STATES

i = edge spectrum
Infinite cylinder » > quantum dimensions
» chiral CFT
Finite torus » = S matrix = U matrix
i » mutual statistics » central charge

» quantumdimensions > topological spins
» fusionrules

2) QUASIPARTICLE EXCITATIONS

[
" integer excitations
Infinite cylinder {} L—%— » 2

» fractionalized excitations




ground states:

integer excitations

Example: toric code with magnetic field

1i=10em,e

e g
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0.10, + 0.050,



e ground states: .
[
-{ Wi % ;

, , o fractionalized
* fractionalized excitations excitation\, kei X]

¥ Ly
Example: toric code with magnetic field 0.10, + 0.050,
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Haldane model (hard-core bosons)

ground states: _{ ’[%
]:[ {
¥y

integer excitations
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Haldane model (hard-core bosons)

ground states: _{ ’[%
]:[ {
¥y

fractionalized excitations
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ultimate goal:

complete characterization

i j ok |

Ji k
n * F-symbols
" A n

[

microscopic Hamiltonian

H

on infinitecylinder

k

!

* R-symbols




SUMMARY microscopic Hamiltonian

H

on infinitecylinder

. =)
-{ g_l l‘ {w;*7} completebalsisin

guasi-degenerate

{‘Pi} complete set of s ground space

‘ground states’

* integer excitations
* fractionalized excitations

"

Thankyou !



FAQs:

Q: Why on the cylinder (and not on the torus)?

of f

Al: Cost of DMRG/tensor networks is much lower
A2: Simpler entanglement spectrum
A3: Single fractionalized excitation

Q: Why on the infinite cylinder (and not on a large cylinder)?

3 CXO

Al: complete set of ‘ground states’
A2: translationinvariance/unitcell: map to torus

Q: Why DMRG (and not 2D tensor network, e.g. PEPS)?

A: DMRG is better understood and more reliable;
but L, limited. PEPS is next.




